THE MASS-CRITICAL FOURTH-ORDER SCHRODINGER 
EQUATION IN HIGH DIMENSIONS 
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Abstract. We prove global wellposedness and scattering for the Mass-critical 
homogeneous fourth-order Schrodinger equation in high dimensions n > 5, for 
general L 2 initial data in the defocusing case, and for general initial data with 
Mass less than certain fraction of the Mass of the Ground State in the focusing 
case. 



1. Introduction 

The fourth-order Schrodinger equations have been introduced by Karpman |17j 
and Karpman and Shagalov [18] to take into account the role of "small fourth-order 
dispersion" in the propagation of intense laser beams in a bulk medium with Kerr 
nonlincarity. These equations are defined as follows, 

id t u + Au+\u\ 2a u + eA 2 u = 0, u:Kxl"^C. (1.1) 

When e = 0, n = 2 and a = 1, this corresponds to the canonical model. When 
2 < na < 4, Equation (|1.1|) can be viewed as a combination of L 2 super-critical 
second-order Schrodinger and sub-critical fourth-order Schrodinger equation. In 
this case, Karpman and Shagalov [18] showed, among other things, that the waveg- 
uides induced by the nonlinear Schrodinger equation become stable when |e| is 
taken sufficiently large. Then Equation (|1.1[) is predominantly governed by the 
corresponding fourth-order equation, 

id t u+ \u\ 2a u + eA 2 u = 0. (1.2) 

Under a suitable change of variable in time, the L 2 -critical, or Mass-critical, homo- 
geneous case of these equations is 

id t u + A 2 u + X\u\n U = 0, (1.3) 

where A = ±1. For A = 1, it is called "defocusing" while focusing for A = —1. The 
terminology "Mass-critical" is due to the fact that both the Mass M(u) defined by 

M(u) := / \u(t,x)\ 2 dx (1.4) 
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and the equation itself are invariant under the rescaling symmetry 

u(t, x) i-> X n/2 u(X 4 t, Xx) 

for A > 0. Note that the Mass is conserved by the flow, hence we do not specify 
time in the notation. 

Equation (|1.2p has been recently investigated in Fibich, Ilan, and Papanicolaou 
[TO] , They showed that, when < an < 4, any initial data in L 2 gives rise to 
a global solution. In the L 2 -critical case we discuss here, much less is known. 
Numerics suggest that in the focusing case A < 0, there exist solutions that blow 
up in finite time, while it is conjectured that in the defocusing case any initial data 
with finite mass leads to a global solution. In this paper, we give a partial positive 
answer to this question. 

Semilinear fourth order Schrodinger equations similar to (| 1 . 3 j) have been widely 
investigated. Fibich, Ilan and Papanicolaou [TU] give general results of wellposed- 
ness in H 2 . Pausader [33] and Segata [43] study the cubic case. For the Energy- 
critical case with nonlinearity given by F[u) = \u\ s ^ n -^u, we refer to Miao, Xu 
and Zhao [33] and Pausader [35l [36] for the defocusing case and Miao, Xu and Zhao 
[52] and Pausader [35] for the focusing case with radially symmetrical initial data. 
For the Mass-critical case we discuss here, we refer to Chae, Hong and Lee [JJ for a 
result about the concentration of blow-up solutions. In [16], Jiang-Pausader-Shao 
were able to establish a precise linear profile decomposition analogous to that in 
[45j which takes into account the frequency parameter. 

A related equation also appears in the study of the motion of a filament of vortex 
in an inviscid fluid as in Fukumoto and Mofatt ,11], Huo and Jia [141 [15] and Segata 

The question of global wellposedness and scattering for Mass-critical or Energy 
critical Schrodinger (NLS) equations (Equation (|l.ip with e = for suitable a) has 
been the subject to many works recently, most notably by Bourgain [5], Colliander, 
Keel, Staffilanni, Takaoka and Tao [8J, Kenig and Merle [20] and Killip and Visan 
[26] for the Energy-critical case and Tao, Visan and Zhang [51J . Killip, Tao and 
Visan [25] for the Mass-critical case. We refer readers to the survey by Killip and 
Visan [27J p. 6-8] for a detailed account. In the Mass-critical context, for radial 
initial data in dimensions n > 2, the authors in j5T][25l|29] were able to establish 
global well-posedness and scattering for second-order Schrodinger equation. In this 
paper, we investigate the analogous question for (|1.3|) . Our first result in this paper 
asserts that in the defocusing case in high dimensions, global wellposedness and 
scattering hold for equation (|1.3p even for nonradial initial data. 

Theorem 1.1. Let n > 5 and A = 1. Then for any initial data uq € L 2 , there exists 
a unique solution of (TJ5J u G C(R, L 2 ) n £ 2< '« +4) (K x W l ) such that u(0) = u . 
Besides this solution scatters in the sense that there exist two elements to G L 2 
such that 

||u(t)-e <lA V||^-^0 (1.5) 

as t — * ±oo. 
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As a consequence of our analysis, we prove that sequences of nonlinear solutions 
with bounded Mass have a well understood loss of compactness which is only due 
to the symmetries (|2.2[) of the equation. We refer to Theorem 13.21 in Section [3] for 
a precise statement. 

Remark 1.1. Thanks to the stronger dispersion for the fourth order Schrddinger 
equation, we can take off the radial assumption of the initial data. This is in 
contrast with the results on the Mass- critical Schrddinger equation developed in 
Killip, Tao and Visan [25j , Killip, Visan and Zhang [29] and Tao, Visan and Zhang 
[51j where any global wellposedness result for L 2 -data holds only in the case of 
radially symmetrical data in dimensions at least two. 

Remark 1.2. By a well-known reduction (see, e.g., Tao [49) ). global well-posedness 
and scattering (| 1 - 5[) reduce to the following a priori bound 



where the constant only depends on the mass of the initial data, and in the focusing 
case, we also require that M(u) < M(Q). 

Equation (|1.3[) differs from its Mass-critical second-order NLS in several ways. 
First the dispersion relation reads u>(k) = |fc| 4 , which implies that high frequency 
waves move much faster than low frequency onesQ So that, as is manifest from 
(|2.6p . we are able to gain some regularity. Secondly, Equation (| 1 . 3|) lacks Galilean 
invariance. Roughly speaking, this lack means that, unlike (|2.2[) . the frequency 
modulation uo(x) i— > e lx ^°uo(x), for any (o / £ R™, is not a symmetry of the 
equation. This affects us in two ways. On the one hand, the linear profile decom- 
position as in Lemma 13-11 does not take this parameter into account, which makes 
the process of renormalization and search for minimal-mass counterexamples eas- 
ier. On the other hand, even though the Momentum of solutions is conserved, we 
cannot set it to be zero as is the case for the second NLS, see e.g. Duyckaerts, 
Holmer and Roudenko [5] or Killip and Visan [57] . This requires that we deal with 
standing waves and travelling waves in Section [5] 

In the focusing case A < 0, one cannot hope for such a global result as in Theorem 
11.11 Indeed, the existence of nontrivial solutions of the elliptic equation 



case it is suspected (see e.g., the numerical work in Fibich, Ilan and Papanicolaou 
[10] ) that there exist smooth initial data which do not lead to a global solution. 
However, as proved in Fibich, Ilan and Papanicolaou [10] and as is also similar to 
the case of the second order NLS (see Weinstein [55| 154]). i? 2 -solutions with Mass 
M(u) strictly smaller than the Mass of the Ground State M(Q) are global. Hence 
in this case it is natural to expect that they also scatter. Our other main results are 
concerned with this question. First, we give a positive answer in the case of high 
dimensions, when the solution is radially symmetrical. More precisely, we prove 
the following 

^Indeed frequency k has speed v = 4\k\ 2 k instead of 2k. 

2 A solution of lll.7|l with minimal L 2 norm, \J M(Q) is called a Ground State for this equation. 




(1.6) 



provides solutions u(t, x) 




4 



BENOIT PAUSADER. AND SHUANGLIN SHAO 



Theorem 1.2. Let n > 5 and A = — 1. Then for any radially symmetrical initial 
data uq G L 2 such that M(u) < M(Q), there exists a unique solution of (|1.3j) 
u G C(M, L 2 ) n L ' « + ' (R x R") smc/i that u(0) = uq. This solution scatters in the 
sense that there exist two elements lo G I? such that (|1.5[) holds true as t — > ±oo. 

Finally in the case of general L 2 -data, if we do not assume radial symmetry 
anymore, we are also able to prove that there is still a positive threshold under 
which long time existence, uniqueness and scattering hold true. 

Theorem 1.3. Let n > 5 and X = —1. For any initial data u G L 2 of Mass 
smaller than 

M* = * M(Q) (1.8) 

there exists a unique global solution of ([O]) . u G C(R, L 2 ) n L « (R x R") such 
that u(0) = Mo- Besides this solution scatters. 

Again, we are able to describe the loss of compactness for solutions of Mass 
below M* and M(Q) in the radially symmetrical setting. 

Although Theorem 11.31 does not prove global wellposedness and scattering all 
the way up to the Mass of the Ground State, we want to emphasize that it is not a 
result about small data. The (probable) nonoptimality of the bound on the Mass 
comes from the fact that in our estimate the norm of the gradient appears, which 
we are not able to connect to some quantity related to the equation. 

We now briefly sketch our arguments. By the reduction in Remark 1 1.21 we prove 
the a priori inequality (|1.6[) by contradiction. To this end, we first reset the problem 
as a variational problem and wish to extract an extremal. This is achieved by using 
a concentration-compactness approach as in |24[ 120] . The important ingredients 
in this step are the linear profile decomposition, which aim to compensate for the 
defect of compactness of the solution operator from L 2 to the Strichartz space, 
and the stability lemma, which is concerned with constructing true solutions from 
approximate ones under suitable smallness conditions. After being renormalized 
by the natural symmetries associated to Equation (|1.3p . a minimal-mass blow- 
up solution is exhibited which can be further classified into one of three possible 
scenarios: self-similar (finite-time blow-up solutions), double high-to-low cascade, 
and soliton solutions. See Theorem 13. II for a precise statement. Essentially we are 
able to prove that the minimal clement enjoys more regularity, which enables us to 
conclude that it has a finite scattering norm, which leads to a contradiction to our 
assumption that (| 1 . 6[) fails. 

Within this scheme of proof by contradiction, we will expand a little more on 
gaining regularity and disproving each scenario. In the self-similar case, this ad- 
ditional control comes from the stronger dispersion, which thus gives rise to a 
vanishing effect of the linear part of solutions. We remark that this exactly allows 
us to get rid of the assumption of radial symmetry. For the remaining two scenar- 
ios, we use a "Double-Duhamel" formula introduced by Tao [47] to gain regularity. 
It is the "Double-Duhamel" argument that imposes the restriction n > 5 for two 
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reasons. First, we need the linear propagator to be integrable in time. Secondly, 
this argument allows us to gain n/2-derivatives which we want to be bigger than 2. 

Having enough regularity on the minimal-Mass blow-up solutions, the combi- 
nation of conservation of Mass and Energy and the sharp Gagliardo-Nirenberg 
inequality allows us to exclude them when they change scale, i.e. in the self-similar 
and cascade cases. Thus we are left with dealing with a Soliton which is either 
a standing wave or a traveling wave. In the defocusing case, since we are in di- 
mensions n > 2, we can exclude them simultaneously by a Virial-type identity in 
a direction orthogonal to that of the velocity, and this concludes the proof. In 
the focusing case, the Virial-type identity is weaker and it only excludes standing 
waves (i.e. waves with Momentum). This, however, is sufficient to treat the case 
of radially symmetrical data and gives Theorem 1 1.21 In the case of traveling waves, 
the Virial-type identity merely gives us a control on the velocity of the solution. 
Then we use an (interaction- Virial-type) estimate to control the dispersion of the 
Mass, which gives us a new relation between the Mass, the Momentum, the Energy 
and the current of Mass. At this point, we use an inequality inspired by Banica 
[2] to understand the loss of optimality of the Gagliardo-Nirenberg inequality for 
solutions with nonzero Momentum. This gives us a relation between the Mass, the 
Momentum, the Energy, the current of Mass and the norm of the gradient. Finally 
we control the norm of the gradient by the Energy and the Massand get Theorem 
Owith the bound (fL8]) . 

This paper is organized as follows: we fix our notations and review some prelim- 
inary results in Section [21 In Section [31 following an approach introduced by Kenig 
and Merle [20] and developed by Killip, Tao and Visan [25], we study the loss of 
compactness for the nonlinear solutions of (|1.3|l . which subsequently reduces the 
proof of Theorems 11.1) 11.21 and 11.31 to disproving the existence of some solutions 
whith special properties. We start the proof of Theorem 11.11 in Section [4] where, 
using ideas from Killip, Tao and Visan [25], we derive abstract results on gain of 
regularity. Then in Section [5J we exclude the three scenarios in the defocusing case. 
This finishes the proof of Theorem 11.11 In Section [6l we apply our analysis to the 
focusing equation to prove Theorems 11.21 and 11.31 



2. Notations and some preliminary results 



In this section, we introduce some notations. We write X < Y whenever there 
exists some constant C, possibly depending on the dimension n or on A so that 
X < CY. Similarly we write X ~ Y when X < Y < X. A notation like < ai — a 
means that the constants in the inequalities may depend on a. 

We define the Lebesgues spaces on space-time, L P (R, L q ) or L p (L q ), as the com- 
pletion of the space of step functions (functions whose image takes a finite number 
of values) with respect to the norm 

IM|z,p(r,.M) = ( / (/ \u{t,x)\ q dx\ dt 
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with the usual modification when p or q is infinite, and for / clan interval, we 
let L p (I,L q ) be the set of restriction to 7 of functions in L p (L q ). When p — q, we 
sometime write it L P (I x R") or, if I = R, I? tx . We are specially interested in the 
following space-time norms, 

2 

NU°(7) = SUp |||V|pu|| iP(/ ^ g) , 

(p.g) 

IMU h (J) = |||V| fe u|| S o (J) , ^ 

\ U \\Z{I) = \\U\\ 2(n + 4) 2(n + 4) , 

ll W l|jV(/) = IIIVP^UH 2(„ + 4) 2(„ + 4) , 

L ™ + S n+6 ) 

where the supremum in the first norm is taken over all S'-admissible values, (p, q), 
that is all 2 < p, q < oo such that (p, g) ^ (2, oo) and 

2 n n 

P + 1 = 2' 

When 7 = R, we may omit it in the notation of the norms. We also let S , °(R) the 
completion of Schwartz functions under the S^-norm. For 7 C R an interval, we 
let S°(I) be the set of restrictions to 7 of elements in 5°(R), and 5;° oc (7) the set of 
functions / such that / £ S°(J) for all compact intervals J C 7. We adopt similar 
conventions for Z and N. 

Remark 2.1. The S° and Z -norms are left invariant by the reseating transforma- 
tion t defined for any A > 0, x e R d , t e R by 

[T(A,to,xo)tt] (*. m) := \%u(\ 4 (t - t ),X(x - x )). (2.2) 
This transforms a solution u of (|1.3[) with initial data it(0) = Mo to another solution 
with data at time to given by 

T(h,t ,x )u(h) = 9(h,x )Uo = h^u {h(x - x )) (2.3) 

with same Mass. 



Before introducing nonlinear solutions, we recall some facts about the linear 
propagator 

e ltA2 = .F-V'KIV, 
where T stands for the Fourier transform given by 

Tu{i) = fi(0 = — ^ / e-^u(x)dx. 
(2tt)2 J Rn 

The linear propagator satisfies the following decay estimate which follows from 
application of the stationary phase method, cf Stein |46j . 

\\P N e ttA2 6\\ L - <N- n t~%, (2.4) 

where Pn denotes the littlewood-Paley operator defined in (|2. 1 1[) below. Using 
also the trivial estimate \\e ttA Pno~\\l°° ^ N n , and summing over all frequencies, 
we deduce the coarser decay estimate 

l|e ltA2 <5|| L ~ <fl (2.5) 

^all the space-time derivatives are Schwartz in spatial space, and locally uniformly in time. 
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A deeper consequence is the following Strichartz estimates from Pausader [35] using 
an abstract result of Keel and Tao [19] (see also Kenig, Ponce and Vega [22] for 
previous results). 

Nls°(J) ^ \\ u o\\l 2 + WHn(i) (2-6) 
whenever u G S°(I) is a solution of the linear equation 

id t u + A 2 u = h 

such that u(to) = uq S L 2 for some to £ I and h £ N(I). 

Definition 2.1 (Strong solutions). Lei 7 C R 4c an interval. A strong solution of 
(jl.3[) on I is a function u G S^^/) satisfying the Duhamel formula: for all t, to G J, 

u(t) = e ltA2 u(t )+i\j\^ t ~^ A2 (|n|»u(s))cte. (2.7) 



Note that, by Strichartz estimates l|2.6p . each term make sense as continuous 
function in L 2 . Strong solutions have a conserved Mass M(u) as defined in (|1.4[) . 
and when they are smoother they enjoy other conserved quantities. Here we use the 
conservation of Momentum for H 1 solutions u G C(I, H 1 ), where the Momentum 
vector is defined as 

Mom(w) = Im / u(t,x)Vu(t,x)dx (2.8) 

JR™ 

and conservation of Energy for H 2 functions u G C(I,H 2 ), where the Energy is 
given by 

E{u) = \( \Au(t,x)\ 2 dx + -^— [ \u{t,x)\^dx. (2.9) 
2 J R " 2(n + 4) J Rn 

Note that in these notations, we omit t since these are conserved quantities. 

We also need the sharp Gagliardo-Nirenberg inequality from Fibich, Ilan and 
Papanicolaou [TU] 

2("+<0 n + 4 { M(f) \ ™ 

< _±_ (_J£I) Hi/in, (2 . 10) 

for all functions / G 77 2 , where Q is a Ground State. 

Besides a consequence of Strichartz estimates (|2.6|) is the following local well- 
posedness statement. 

Proposition 2.1. Let n > 1, A = ±1. Then, for any initial data uo G L 2 , there 
exists an interval I C M containing a neighborhood of and a unique function 
u G S°(I) solution of (| 1 .3|) swc/i i/iai it(0) = uo- 27w's solution has conserved 
Mass. Besides if uo G H 2 , u G S 2 (I), u has conserved Energy and Momentum and 
\I\ >a/(u) ||Auo||^ 2 - In particular, in the defocusing case u can be extended to a 
solution on R in the sense that u G S°(J) for all compact intervals Jcl. Finally, 
if u G 5' (R), then u scatters in the sense that (jl.5[) holds true as t — » ±oo. 
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One also easily sees that in case u € 5°(M) and uq £ H 2 , then u scatters to 
linear solutions e ltA such that M(w ± ) = M(u) and E(u) — || A.o^ =t ||^ 2 for all 
t€K. In particular, either u has positive Energy or u = 0. 

In our nonlinear analysis, we need some tools from Littlewood-Paley theory. Let 
tp e C C °°(R") be supported in the ball 5(0,2), and such that ip = 1 in 5(0,1). 
For any dyadic number N = 2 k , k 6 Z, wc define the following Littlewood-Paley 
operators: 

Qk) = ^/N)f(o, 

= - V(2^/iv)) /($. 

Similarly we define P < n and P>n by the equations 

P<w = P< N - P N and P> N = P >A r + Pat. 

These operators commute one with another. They also commute with derivative 
operators and with the semigroup e ttA . In addition they are self-adjoint and 
bounded on LP for all 1 < p < oo. Moreover, they enjoy the following Bernstein 
inequalities: 

\\P>Nf\\LP <s N- s \\M s P> N f\\ LP < s N- s \\\V\ s f\\ LP 
|||V| s P<2v/||l, <s N s \\P< N f\\ LP < s N s \\f\\ LP 
\\\V\ ±s P N f\\L? < s N ±s \\P N f\\ LP < s N ±s \\f\\ LP {2A2) 
WPn/Wl* < JV»-«||Pjv/||lp 

for all s > 0, and all 1 < p < q < oo, independently of /, N, and p, where |V| S 
is the classical fractional differentiation operator. We refer to Tao [IS] for more 
details. Finally, we let a = 2(n + 5)/(n + 4) and F(u) = \\u\~u. 



3. Existence of minimal-mass blow-up solutions, and three scenarios 

In this section, we establish a linear profile decomposition for solutions to the 
linear equation of (|1.3p . namely 

iu t + A 2 u = 0. 

It roughly asserts that, a sequence of linear solutions with bounded initial data 
in L 2 , after passing to a subsequence if necessary, can be rewritten as a sum of a 
superposition of profiles and an error term. The profiles are "orthogonal" and the 
error term is small in the Strichartz norm, see Lemma |3. H and the following remark. 
The purpose of linear profile is to compensate for the defect of compactness of the 
solution operator e ltA , L 2 — > Z(R). With it, we are able to extract a minimal-Mass 
blow-up solution to (|1.3[) if it blows-up in the Z-norm sense. Furthermore, as an 
extremal case, this minimal element enjoys good "compactness" properties. More 
precisely, our main result in this section is the following. 
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Let M max (resp. M^™.) be the first Mass-level for which there exists solutions 
(resp. radially symmetrical solutions) of arbitrarily large Z-norm. See the end of 
Subsection 13.21 for a more precise definition. Then we have the following. 

Theorem 3.1. Suppose that M max < +oo. Then there exists u £ Si oc (I) a 
maximal-lifespan strong solution of Mass equal to M max , such that 

\\ u \\z(i) = +oo- 

Furthermore, we have the following compactness property: there exist two smooth 
functions N : I — > W + and y : I — > R™ such that 

K = {v(t) = <7(t) _1 u(t) = 97]^/ t \ v (t)) u (t) '■ t ^ 1} * s precompact in L? (3.1) 
and one of the following three scenarios holds true: 

I. (Self-similar solution) There holds I — (0, +oo) and N(t) = t~i for all t. 
II. (Double high-to-low cascade) There holds I = R, lim inf t—>±oo -^CO = 0, 

and N(t) < 1 for all t. 
III. (Soliton-like solution) There holds I = K and N(t) = 1 for all t. 

Furthermore if n > 2 and M™? < j^qq then the same conclusion holds true with 
the additional information that u is radially symmetrical)^ 

We call the function g(t) — g(N(t), v {t)) appearing in (|3.ip and defined in (|2.3p . 
the rescaling function of u. 

Remark 3.1. By precompactness of K (see also Corollarv \3.2\ below), we may also 
assume that N(t) and y(t) satisfy the following relations 

\N- 5 N\ < u 1, and \N~ 3 y\ < u 1. (3.2) 

Note that the first and last scenarios correspond to saturating the first inequality. 

The remaining part of this section is devoted to proving Theorem 13.11 which is 
the analog for (|1.3[) of Theorem 1.16 in Killip, Tao and Visan [2~5] . 

3.1. A linear profile decomposition. As emphasized in the introduction, the 
profile decomposition is an important ingredient to extract the blow-up bubbles for 
certain critical equations such as the Schrodinger, wave and (generalised) Korteweg- 
de Vries equations. Bahouri and Gerard p] established a decomposition for the 
energy-critical wave equation in R 3 . Keraani [23] treated the case for the Energy- 
critical Schrodinger equation. For the Mass-critical Schrodinger equation, Merle 
and Vega [30j first established the linear profile decomposition in spirit similar to 
Bourgain [4]. We also refer to Begout and Vargas [3], Carles and Keraani [6], 
Gerard [12] . Keraani [24], and Shao [44], [45] for related works based on profile 
decomposition. 



In that case, one could also assume that y(t) = 0, although we do not use it here. 
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In the following, we define a scale-core to be a sequence (hk,tk,Xk) € (0,oo) x 
x R™. We call two scale-cores {h k ,t k ,x' k )k and (h k ,t k ,x k ) k orthogonal if 

k hrn^ + § + iK)% -t p k \ + h{\4 -xl\\= +oc. (3.3) 



The main result of this subsection is the following linear profile decomposition. 

Lemma 3.1 (Linear profile decomposition). Let (u k ) k >i be a sequence of func- 
tions satisfying \\v,k\\L 2 < 1- Then up to a subsequence, there exists a sequence of 
L 2 functions {4>^)j>i and a family of pairwise orthogonal scale-cores (h k ,t k ,x J k ) € 
(0, oo) x R x R n such that, for any I > 1, there exists a function w l k S L 2 satisfying 

e^u k = £ r {hl ti <) e^^ + e^ W l k , (3.4) 

1<3<1 



where r is defined in (|2.2ll and 



lim limsup||e ltA w k \\ z = 0. (3.5) 



Remark 3.2. As a consequence of the orthogonality condition (13. 3)1 . we have two 
useful properties for the decomposition, for all I > 1 and 1 < j ^ p < I, there holds 
that 

lim | ||,„ !,-(>; --Ill, + >r[\\l) | = (),„„/ (3.0) 

k — ^ + DG 




= 0. (3.7) 

These are a manifestation that the profiles are "orthogonal": they are either sep- 
arated in space or in time, or they have very different scales. For a similar proof, 
see Merle and Vega [30] and Shao [45] . 



We present a short proof of this lemma based on the approach in Killip and 
Visan [57], see also Shao [33]; we also refer readers to Pausader [37] for a slightly 
different approach based on Bahouri and Gerard [1] and Gerard, Meyer and Oru 
[13j . We start with a refinement of the usual Strichartz inequality. It is well-known 
that the Strichartz inequality 

||e itA \ n IU(n+4) < C„|K|| L 2 (3.8) 

is optimal for Lebesgues spaces; but it is sub-optimal within some scale of Besov- 
spaces. This improvement opens a door to address the defect of compactness of the 
solution operator. 

Lemma 3.2 (Refinement of the Strichartz inequality). 

\\e UA2 u \\z < C n \\uo\\^t 4 {snp\\P N e UA2 uo\\z)^, (3.9) 

N 

where the supremum is taken over all dyadic integers N = 2 k . Furthermore, 

\\e ltA2 u \\z < C n \\u \\ (sup N- * 1 1 P N e lt A * u \ \ L ~ (Rx R » ) ) <^ . (3.10) 

N 
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Proof. We begin with the proof of (|3.9j) when n > 4. By the Littlewood-Paley 
square function inequality in Stein [46l p. 267] and the Bernstein property (|2.12|) . 
we have that 

2 2(rt+4) 2 1 2(ti + 4) 

\\e> tA u \\— ~ ||(^|e itA Pjy^ol 2 ) 5 !!^ 



iV 



H--1 



£ |e" A >mu | 2 )^(X \e ltA P N u \ 2 )^dxdt 

M N 

< X ff\e itA2 PMUo\ !!: ^ L \e itA2 P N Uo\^dxdt 



M <N 



< \e ltA2 PMUo\\e UA2 P M uo\"\e UA2 P N uo\t\e ltA2 p N u \dxdt 



M<N 

< V ||e JtA2 P M U0|| 2(„ + 4) 2(„ + 4) ||e iiA2 PArU || 2(„+4) 2(„ + 4) 

M~<N L^ { L ) L^(L ™ +2 ) 

x ||(e itAa P M «o)»|| zi±i||(e ltA2 Piv«o)"|| »±* 

M £ 2 £ 2 

S. 

< (^iy^|| e ^ Pjv ^ o || 2 2<n+4) ] ( SU p|| e ^A 2 PArUo || j 

< fc||PtfU ||^ fsup||e itA2 PAru n IU(n+4)^ , 

where we used at the last line the Strichartz inequality (|2.6p to get 

|||V|^4e 4 * A2 u || 2 ( „+4) 2 ( „+4) <||uo|U=- 

L n (R,L " + 2 ) 

Then (|3.9[) follows when n > 4. When 1 < n < 4, we choose to deal with n = 3 
only; other cases are treated similarly. 



|e- 2 no||J ¥(RxR ^||(E|e itA2 ^o| 



= //(El eitA2 ^o| 2 )(Xl eitA2 ^"o| 2 ) f (Xl eiiA3 ^o| 2 ) f ^ 

L M AT 

~ // S (|e itAa fttio||e 4tAa PM«o||e itAa Pivuo|)^|e <tAa PL«o|tda:dt 

•'*' L.M.N 

< X ||( e " A2 PL U o)(|e" A2 PM Wo ||e i * A2 P^o|)^|l i¥(RxR „ ) 



L,M,AT 

x || (e« A2 Pl«o) (e l * A2 Pm«o) A ' Pjv«o) II l¥ 

^supHe^PM^oll 1 ^ V ||(e JtA2 p LUo )(e ltA2 PM U o)(e ItA2 PAr U o)|| » 

and estimating the term in the sum corresponding to the lowest frequency in 
L~(L°°), the term corresponding to the second lowest frequency in L~{L~) and 
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the last term in (ii ), we get, using Bernstein Property (|2.12p 

||e iiA3 no|| ¥ 1 4 / , 

LT(lxl") 

^snpHe^PM^opM E L^M^\\e* tA2 P M u \\ r ^ (r ^\\e ttA2 P N u a \\ ^ ¥ 
Schur's lemma then gives (|3.9p . The argument proceeds similarly when n = 1, 2. 
To prove (|3.10|) . it suffices to show that 

||e ftAa iV«o||z < Ikollfr^-^lle^P^oll^CRxR"))^- 



This follows from the following two facts. First, using Holder's inequality, we get 

-pi 

2(" + 2) 11° * "-U|| L oo( RxK n)! 



||e ItA Pv^ob < ||e itA P w «o|| S S. + * lle^Pjvuoll^ 



L" 

then using Bernstein properties (|2.12[) . 

||e iiA2 P^ Q || 2 ( „ + 2, ~N-^\\\V\^e itA2 P N u \\ 2( „ + 2, 

L — n — (Kxl") L — S — (1x1™) 

< JV-!*f||P W «o||ia. 

Hence the proof of Lemma I3~2l is complete. □ 



Then a standard greedy algorithm as used in Lemma 3.2 in Shao [IS] gives 
Lemma T3.ll see also Carles and Keraani [6], hence its proof is omitted. Note that 
we can select those three parameters (h 3 k , x J k , t k ) in Lemma l3~T1 simultaneously. 

3.2. A stability lemma. Roughly speaking, the stability lemma says that, if ini- 
tial data are close enough, then the solutions will be close. 

Lemma 3.3. For any B > and e > 0, there exists S > such that if v is an 
approximate solution of (| 1 . 3[) in the sense that 

id t v + A 2 v + X\v\»v + e = (3.11) 

on some interval I withO G / satisfying \\v\\z(i) < B, and two smallness conditions, 

\\e\\ N (i)<6, (3.12) 

and 

\\e UA2 (v(Q)-u a )\\ z(I) <5 (3.13) 

for any u Q G L? . Then there exists a unique strong solution u £ S (I) of (|1.3p 
which satisfies \\u — v\\zm < £ and \\u — w||sr°(X) ^ ll u (P) ~ u o||l 2 + £• 

Proof of Lemma \3.3l A standard consequence of Strichartz estimates (|2.6p is that 
there exists k > depending only on n and A such that for any interval / and any 
in the closure of /, if u e L 2 satisfies 

\\e ltA2 u \\ ziI) <k (3.14) 

then there exists a unique strong solution u € S(I) of (II. 3p such that 

He'^'uo - w(t fc )|U 2 -* as t k -> t,. 
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Besides, any strong solution u on a compact time interval [— T*,T*] with finite 
Z([— T*, T*])-norm can be extended to a strong solution on a strictly bigger interval 
[— T, - s, T* + s] for some s > 0. 

Now, we prove Lemma [3.31 We can assume that / = [0,7] for some 7 > 0. We 
first claim that there exists b > and So > depending only on n and A such that 
if u and v are as above and (|3.12p . (|3.13p holds with B = b and 6 < So, then u 
exists on /, 

ll« - < l|e WA '(«(0) - «o)||z(i) + l|e||iv(/) , and 

\\e + \(\u\%u-\v\%v) \\ N{I) < ||e i * A2 ( U (0)- U o)||z(/) + ||e|| A r (/) . 

To prove this, let w = u — v. Then w satisfies the equation 

idtw + A 2 w + A (\v + w\~{v + w) — \v\~vj — e = 

and applying Strichartz estimates, we get, for t such that [0, t] G I and u is defined 
<m[0,t], 

■ tA 2 H±5 §- 

\\M\z([o,t]) <\\e l w(0)\\z(i) + lkll Z ( [ot]) + IMIz([o,t])IMIzm + ll e IU(/) , 

„ +8 (3.16) 

<||e" A2 «;(0)|| z(/) + ||e|U (J) + |HI^, t]) , 

provided that b is sufficiently small. Besides, h(t) — \\w\\zno,t]) i s a continuous 
function of t defined on / satisfying h(0) = 0. As a consequence of f|3 . 1 6[) we then 
get that if S < So with Sq sufficiently small, then u exists on / and 



\\w\\ z{m) < l|e ltA w(0)|| z(J) + ||e|U (J) (3.17) 

for all t £ I, and hence using (|3.17[) and Holder's inequality, we get (|3.15p in this 
special case. Now, in the general case, let M — [(B/6) 2 ^ - ], and divide / = Uj=o ^0 
into subintervals Ij — [<Xj, otj+i] with < j < M and = oto < a± < ■ ■ ■ < (Xm+i = 
7 and such that fjTTgl holds on Ij with B = b. For < j < M, let 

X A = \\e^-^w{a 3 )\\ z(Io) 

Yj = ||A (\u\%u - \v\%v\ -e\\ N{Ij) , and 

Zj = WMlz&y 

Then, the special case we have just treated insures that, if S, Xj < So for some So, 
then there exists C y and C z such that Yj < C y (Xj + S) and Zj < C z (Xj + 5). 
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Besides, using Strichartz estimates, we have that 
X j+ i 

= \\e*- a ^ A *w(a J+1 )\\ z(Ij+l) 

= \\e^ 2 w (0) - i P +1 e««-)* a (A ((|«|*u) - (\v\*v)) (s) e(s)) ds\\ z{Ij+l) 



< \\e* tA2 w(0)\\ z{Ij+l) + £ ||A (\u\%u \v\iv) e\\ N(Ik) 



fc=0 

< C x ( 5 + Y k 

k<j 

for some constant C x > 1. Now, let (x k )k, {%lk)k and {z k )k be defined by xo = 5 
and by Xk+i — C X (S + J2 3 <k Vi)i Vk = Cy i x k + S) and z k = C z (xk + 5). Then, we 
see that for fixed linear functions of 5. Choose S > sufficiently small 

so that 

M 2Cn+4) 2(„+4) 

xm < Oo and > z • n < e » . 

Then, using the discrete Gromwall's lemma, we see that for all j, \\u\\z(i ) is a priori 
bounded, hence u and w exist on all of /, and 



M \ 2 <™+ 4 > 



\W-v\\ z{I) = \J2 Z , " J <e- 
Another application of Strichartz estimates finishes the proof. □ 



A consequence of Lemma 13.31 is that a nonlinear solution u € Si oc (I) can be 
extended to a strictly larger interval of existence (as a strong solution) if and only 
if u has finite Z-norm. Thus, it is natural to introduce 

2(n+4) 

A(L) = sup{||u|| z ,]\ : for all interval / and all solutions u such that M{u) < L}. 

A consequence of local wellposedness is that A is sublinear in a neighborhood of 0. 
We also let 

M max = sup{M > : A(M) < +oo}. 
In order to treat the radially symmetrical case, we also consider 
A rad (L) = sup{\\u\\z(i) ■ for all I and all radial solutions u such that M(u) < L}, 
and we let 

M r m a a d x = sup{M > : A rad (M) < +oo}. 

In view of the discussion above, the goal of this paper is to prove that, when n > 5, 
M max — +oo in the defocusing case and M™a X = M(Q) in the focusing case. 
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3.3. Existence of minimal-Mass blow-up solution: Palais-Smale lemma 
modulo symmetries. In this section, we establish the first part of Theorem 13.11 
by exhibiting an element with minimal Mass and infinite if-norm and proving that 
(pTTj) holds. 

Lemma 3.4 (Palais-Smale lemma modulo symmetries). For any sequence of non- 
linear solutions (uk) of (|1.3ll defined on an interval (— Tk,T k ), and any sequence 
of time (ifc) such that M{uk) — > M max and 

^\Wk\\z(-T k ,t k ) = lim|K|| z(tfe: T fe ) = +oo, (3.18) 

there exists two sequences (Nk)k and {yk)k, and a function w G L 2 of Mass exactly 
M max such that, up to a subsequence, 9n^ k yk ^(uk(tkj) —> w in L? , where g is defined 
in (^3]) . 

As a corollary of the previous lemma, we are able to extract the minimal-Mass 
blow-up solution. The existence of minimal Mass blow-up solutions for the Mass- 
critical second order Schrodinger equation was first obtained by Keraani [24] and 
analogues of Theorem l3.1l in the second order case is due to Begout and Vargas [3], 
Keraani [24] and Killip, Tao and Visan [25], based on the profile decompositions in 
Carles and Keraani [B], Bourgain [3] and Merle and Vega [3D], and in Begout and 
Vargas [3j. We refer also to Kenig and Merle [20] and Tao, Visan and Zhang [50] . 

Corollary 3.1 (Minimal-Mass blow-up solutions). Suppose that M max < +oo. 
Then there exists u £ Si oc (T*,T*) a maximal- lifespan strong solution of Mass equal 
to M max , such that 

NU(T„o) = IMU(o,T») = +oo. 
Furthermore, there exist two smooth functions N : I —> R!j_ and y : I — ► M™ such 
that K defined in (|3.1|) is precompact in L 2 . 

Proof of Lemma \3.4\ We proceed with similar arguments to the ones developed in 
Tao, Visan and Zhang [50], using the linear decomposition (|3.1|) and the stability 
theory in Lemma 13.31 

Using the time-translation symmetry of (| 1 . 3[) . we may set tk = for all k > 1. 
Thus, 

lim |K|U(-T fe ,o) = lim ||ufc|| Z ( .T*) = +oo. (3.19) 

Applying Lemma 13.11 to the sequence Ufc(0) (which is bounded in L 2 (W 1 )) and 
passing to a subsequence if necessary, we obtain a decomposition 

i<j<j 

with the prescribed properties. By passing to subsequences for each j and by using 
a diagonalisation argument, we may assume that, for each j, 

lim (h{)H j k = T 3 € [-00,00]. 

k — >oo 

If T J is finite, we may refine the profile and assume T J = and t* k = for all k. 
Otherwise, there holds that limfe_ > _)_ 00 (/i^) 4 ^ = ±00. For every j, wc define the 
nonlinear profiles, v 3 : P x W n — > C, as follows. 
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• If t k = 0, we define v° to be the maximal lifespan solution of (II. 3|) with 
initial data v 3 (0) = </>> . 

• If {h k ) 4 t k — » +oo, we define to be the maximal-lifespan solution of (|1.3p 
which scatters forward in time to e ttA <jp in the sense that 

\\v j (t) -e itA VlU>-» (3.20) 

as t — * +oo. 

• If (h k ) 4 t k — > — oo, we define v J to be the maximal-lifespan solution of (|1.3|) 
which scatters backward in time to e 4 * A in the sense that (|3 . 20(1 holds 

as t — > — oo. 



Then for each j, fc > 1, we define v k : P k x K™ — > C by 

where := {i : (h k ) 4 (t — t{) G P}. Each u{ is a nonlinear solution to (|1.3[) with 
initial data <7,,j (^fe) 4 ^)- By (|3.6p . we have 

OO 

X)Af(^) < M(« fc (0)) < Af m(II . (3.21) 

i=i 

Case I. Assume 

sup M (</>•?) < M maa; - £ 

for some e > 0. Then v 3 k are defined globally and obey M(v k ) < M max — e and, 
since A is sublinear on [0, M max — e], 

We define an approximate solution 

"if = + e itA2 w(. 

3=1 

First since the parameters (h k ,x k ,t k ) are orthogonal, and by (|3 . 5[) . 

2(r» + 4) . 2(n + 4) . 2(n + 4) 

lim lim ||u fc || z " < lim lim H^Ufcllz" < 7 lim , lim 2^ KHz" 

.7 — >+oo fc — >-\-oo J — >+oo fc — >+oo — ' .7 — >+oo fc — >+oo * — ' 

< ^ A/(0 J ') < +00. 

Secondly, the smallness at the initial time holds by definition since 

lim ||ttjj(0)-u fc (0)|| i3 =0. 

fc — *+oo 

Lastly, the smallness of the error term holds by (|3.7[) and (|3.5[) . 

lim lim \\{id t + A 2 )u( - F(u{)\\ N = 0. 

J — >+oo fc — »+oo 



Now we apply the stability lemma 13731 to conclude that ||ufc||z < oo, which leads to 
a contradiction to (|3.19| . 
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Case II. Assume 

supM((/) J ) = M m 

ax • 

In view of ()3.6p . there is only one profile. Thus the decomposition is reduced to 

^ A \ k (Q)=g (hk , yk) e ih ^-^ A ^ + w k , 
where either t k = or — * ±00. We then get that 

and if ifc = 0, then tife(0) converges to in I? and Lemma 13.41 is proven. If 
h\tk —* ±00, we may assume that h\t k — > —00. By time translation and monotone 
convergence, 

lim || e j( *-^ tfe)A Vl|z(o,oo)-0. 

K — > + 00 



This yields 

which, in turn, gives 



lim ||fl( ht , Bfc )e ttt(t - t * )A VlU(o,=o) = 1 

A; — >+oo 



lim ||e ,m u fc (0)|U (0 ,oo) =0. 

k— >+OG 



By Lemma [3.31 again. limfe^ +00 ||wfe||2(o l00 ) = 0, a contradiction to (|3.19|) . Hence 
the proof of Lemma [3.41 is complete. □ 



We will sketch the proof of Corollarv l3.ll 



Proof of Corollarv \3.1\ By the definition of M rnax , we can find a sequence u k ■ 
I k x R™ — > C of solutions with M(u k ) < M max and lim fc _ +oc ||ufc||z(/ fc ) = +00. 
Without loss of generality, we may take all Uk to have maximal lifespan. Let 
tk E h be such that \\u k \\ z{tkySupIk) = \\u k \\ z ^ niIktk y Then, 

lim |K||z( tfc ,sup/ fc ) = \\uk\\z(inii k t k ) = 00. (3.22) 

k — *+oo 

Using the time-translation symmetry, we may take all t k — 0. Applying Lemma 
13.41 and passing to a subsequence if necessary, we can locate uq £ L 2 such that 
Ufc(0) converge in L 2 modulo symmetries to Uo, that is, there exist group elements 
gk € G such that gfcUfc(O) converge strongly in I? to uq. We may take the g k to all 
be the identity, and thus u k {0) converges strongly in L 2 to uq. In particular this 
implies M(u ) < M max . 

Let u : I x R" — > C be the maximal-lifespan solution with initial data it(0) = uq 
given by the local theory. We claim that u blows up both forward and backward 
in time. Indeed, if u fails to blow up forward in time, then by local theory, we have 
[0, +00) C / and ||m||z(o,oo) < °°- By the stability lemma, this implies that, for 
sufficiently large k that [0, +00) C Ik and 

limsup ||ufc||z(o,+oo) < 

k^oo 

contradicting (|3.22|) . Likewise for the case where u blows up backward in time. 
By the definition of M max this forces M(uq) > M max , and hence M(uq) must be 
exactly M max . 



18 



BENOIT PAUSADER. AND SHUANGLIN SHAO 



It remains to show that a solution u which blows up both forward and backward 
in time is precompact in L 2 modulo symmetries. Consider an arbitrary sequence 
Gu(t'u) in {Gu{t) : t G /}, where G denotes the symmetry group generated by 
spatial translation and scaling. Now, since u blows up both forward and backward 
in time, we have 

IM|z(i' fe , SU pJ) = |MU(inf J.ti) = +00- 

Applying Lemma [331 we see that Gu(t' k ) does have a convergent sequence in L 2 . 
Thus, the orbit {Gu(t) : t G 1} is precompact in L 2 . Finding a section g such that 
(|3.1[) holds is now easy. □ 



3.4. Reduction to three scenarios. In this subsection, we finish the proof of 
Theorem 13.11 and provide more refined characterizations of the minimal-Mass blow- 
up solutions in Corollary 13 . II bv analyzing the frequency parameter N(t). 

We first collect some facts on the scaling parameter N(t) and the spatial trans- 
lation function y(t) by following the arguments developed by Killip, Tao and Visan 
[25] . For 5 > 0, and t, we define the interval Jg(t) by 

J s (t) = (t- (WV(fr 4 , i + SNit)- 4 ). (3.23) 

Lemma 3.5 (Local constancy of N(t), y(t)). Let u G Si oc (I) be a nonzero maximal 
lifespan strong solution of (|1.3|l . and g(t) be such that K as in (|3.ip is precompact. 
Then there exists 5 > such that for any time to G I, the following holds true: 

• For Js(to) as in (j3 . 23[) . Jsita) C /, and 

\Mz(j s (t o) ) 1. (3.24) 

• N(t) ~ u N(t Q ), \N(t Q )(y(t Q ) - y(t))\ < u 1 for any t G J S (t ). 

In particular, if N is bounded, then I = M, and if u blows up at time T , then 

N(t) > si(T-t)-i. 



Proof of Lemma \3.5l Since K is precompact, using Strichartz estimates and local 
well-posedness theory, we see that there exists 8 > such that for any w G K, the 
maximal nonlinear solution W of (|1.3[) with initial data w is defined on (—25, 25) 
and satisfies || W / ||z(-25,2 < 5) ^ 1- By rescaling, this gives the first claim concerning 
Js(t(j), and one inequality in (|3.24[) . On the other hand, compactness of K implies 
that there exists rj such that for any t, 

V<\\u\\z(j s (t)), (3.25) 

which gives the second inequality in (|3.24|) . Now we prove the second claim by 
contradiction. If it fails for all 5 > 0, by the definition of J$ one can find tk, t' k such 
that s k := [t' k - t k )N(t k ) 4 -> and 

k^+co l\(t k ) 1\ (tk) fc^+oo 
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We define the normalization of u at t k , w' tfc ' as follows, 
u [tk] (t) : = 77" 1 ,. , . ,. ,,u(t) 

\ I (N(t k ),t k ,y(t k )) V / 

= 7V(t fc )- n/2 u((^(**)~ 4 * + t fc , AT(t fc ) _1 z + y(t fc )), 

where r is defined in (|2.2|) and t £ I k := {s : N(t k )~H + t k £ I}. It is clear that 
£ I k ; also note that 

Hence by passing to a subsequence if necessary, from the assumption of precom- 
pactness, we can find uq £ L 2 such that u[* fe l(0) converges strongly to a nonzero u 
in L 2 . From the local theory, let u be the maximal lifespan solution with initial data 
Uo with lifespan I 3 0. By the stability lemma [3731 iJ tfc ] converges uniformly to u 
on every compact interval J C I in C^L 2 D Z( J x R" ) . Note that the corresponding 
frequency parameter and spatial centers for v} 1 *^ are in form of 

N[tk]{s) = N(t k + sN(t k )-*) ^ y[tk][s) , = N{tk){y{tk + sN{tk) -^ _ y{tk) y 

Hence N^(s k ) converges either to zero or infinity, and y ltk ^ (s) converges to infinity. 
Each possibility yields that v}- tk \s k ) weakly converges to zero. 

On the other hand, since s k converges to zero and converges to u in C®L 2 D 
Z(J x R"), we see that u^- tk ^(s k ) converges to u(0) in L 2 . Then u(0) = and hence 
u is zero, which leads to a contradiction. Therefore the proof of Lemma 13.51 is 
complete. □ 

Corollary 3.2 (Smoothness of g(t) — 9(N(t),y(t)))- A consequence of the previous 
lemma is that the symmetry element g as given by Theorem \3.1\ is smooth and 
satisfies (13. 2 [I . 



Proof. Let v < 6, where S is given in Lemma 13.51 v sufficiently small so that 
J v {t\) C Js(t ) for all ti,t Q such that J u (t ) n J u (ti) ^ 0. 

Let (t k ) k be an increasing sequence of times such that the J v (t k ) cover the 
maximal interval of existence of u and such that the J v /2(tk) are disjoint. Define 
two intermediate rescaling functions, N and y as follows: if t k < t < t k +i, then 

N(t) = N(t k ) + (t - tk) ^±ll_lM i and 

f +1 (3-26) 

g(*) = yfa) + («-fa) y(t * +l) "y fa) . 

ife+i — t k 

N and y are defined for all time t £ I and are affine on each interval [t k , t k+ {\. In 
particular, we get using Lemma 3.5 that 



„ Nit), 

^W) l ~ 



In 2 max 



N(t k+1 ) N{t k ) 
N(t) ' N(t) 



<u 1 (3.27) 
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uniformly in k. Similarly, since t £ Jg{tk) and Js{tk+i) 
that 



still by Lemma l3~5l we get 



\N(t)(y(t)~y(t))\< u l (3.28) 

uniformly in k. Hence, we get that y^9(N.y) remain in a compact set, and hence 
we can replace N and y by N and y, in the sense that the set 

* = ^(.), f («))"(')• teJ > 

is still precompact in L 2 . Now, y and N are piecewise affine functions. In particular, 
since tk+i — £fc > v/2N(tk)~ 4 , we see that, for tk < t < tfe+i, 

\N- 5 (t)d t N(t)\ 



ti- 5{t) N(tk+i)-N(t k ) 



tk+l 

' N(t) N(t) \ 
v \N(t) N(t k ) ) 

uniformly in k. Similarly, we get 



t k 



< 



k+l) 



N(t k ) 



N(t k ) 



(3.29) 



N~ 3 (t)d t y(t) 



N- 3 {t) 



y(tk+i) - y(tk) 



tk+i 

-3 



tk 



(3.30) 



uniformly in k. Hence, (|3.2p hold for N and y except at tk- Then it suffices to 
smooth out N and y to get smooth functions. To do this, let x be a smooth 
nonnegative bump function supported in [—1, 1] and satisfying fx — 1, and Xk = 
Hx{nx) for 10//x = vN^k)^ 4 . Then on each interval J v (tk), we replace N and y 
by N k — N * Xk and yk = y*Xk- This only modifies N and y in - fi,tk + m)> so 
that defining iV u and y„ by iV u (i) = iVfc(i) and y u {t) = y k (t) if i e J„(ifc)) we get 
global smooth functions as in Corollary 13. 21 □ 



By a similar argument as in Killip, Tao and Visan [25j . see also Killip and 
Visan [27| , we have the following control on the scattering size via the frequency 
parameter, N(t). 

Lemma 3.6 (Control of Strichartz norms via N(t)). Let u be a nonzero solution 
to (|1.3|) with lifespan I, which is precompact with parameters N(t),y(t). Then for 
any compact interval J d I , 

J^N{sfds< u H^ff <„ 1 + J^N(s) 4 ds. (3.31) 

By Strichartz estimates and conservation of Mass, this implies that for all S- 
admissible pairs (p, q), 

IH V l f <,(/,L,) <ul + j N{tfdt. 



We also need the following lemma. 
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Lemma 3.7. Let Uk be a sequence of maximal lifespan solutions defined on Ik 
satisfying that 

K - {9k\t)u k (t) = 9^ k{t) , yk{t)) Mt) ■■teh,k>0} 

is precompact in L 2 for some rescaling functions gj~, and suppose that 

„ 2(ti+4) 2(tt+4) 

Uk W in d C (I, L 2 ) n L-^~ {I, L n ), 

where W G S(I) is a solution to (1 1 ,3|) such that M(W) = M max and such that 
{G(t)~ l W(t), t G /} is precompact in I? for some rescaling function G(t) — 
9(N(t).Y(t))- Then for all t E I, 

< liminf N k (t) < u N(t) <„ limsupiV fc (t) < +oo, and 

IimsupJV(t)|yfc(t)-y(t)|<„l- 

k — >00 



Proof of Lemma \3. 7| Let (v,k)k be a sequence of maximal lifespan solutions as above 
converging to W G 5(7") with rescaling function G. Suppose that there exists a 
sequence of time s p G 7, a subsequence k' — k'(p) such that 

NAs^j + + N{Sp) lVk ' {Sp) ~ Y{Sp)l > P - (3 - 33) 

By assumption, u k —>■ W in C{J,L 2 ) for any compact interval s p G J C I . Hence 
we can find an element k > p such that M(uk(s p ) — W{s p )) < M max /8 and that 
(|3.33| holds true with k instead of k' . This defines a sequence k(p) such that for 
any p, 

Uk(p)(s P ) = W(s p ) +r p 
with M(r p ) < M max /8. By passing to a subsequence if necessary, we may assume 
that G(s p )^ 1 W(s p ) — ► w in L 2 . In particular M(w) = M max . However 

G(s p )' 1 W(s p ) = [G(s p y 1 g Hp) (s p )] g k ( P )(s p y 1 u k ( p )(s p ) - G(s p )r p . 

Now by assumption, gk( P )( s p)^ 1 U'k( p )(s p ) remains in a compact subset, and we 
have that G(s p )~ 1 g k ( p )(s p ) converges weakly to 0. As a consequence any weak 
limit w' of G(s p )~ 1 W / (sp) satisfies M(w') < M(r p ) < M max /8. This contradicts 
M(w) — M max . This finishes the proof of (|3. 32(1 and of the lemma. □ 



Now we present a combinatorial argument to prove Theorem 13.11 We refer to 
Killip, Tao and Visan [25] for the original treatment in the context of the L 2 -critical 
Schrodinger equation. 



Proof of the second part of Theorem \3.1\ Let u be a maximal lifespan solution given 
as in Lemma 13.11 assume N(t) and y(t) are the corresponding frequency parame- 
ter function and the spatial translation function, respectively. Then we define the 
oscillating function 

n I \ ■ t sup *e-fn J«(t ) -^(t) ,„ Qyn 

Osc{k) — mi — , (3.34) 

t e/ mi teInJ j to ) N(t) 

where J K (to) is defined in (|3.23[) : it is an increasing function of k. 
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Case I. lim re _>+oo Osc(k) < oo. Then there exist a sequence t k £ I, &. sequence 
Kk — * +00, and A > such that 

in{ teIn j Kk(tk) N(t) 

for every k. Since N(t) is bounded on J Kk (tk), this implies that J Kk (t k ) C I. 
Furthermore by definition of Osc, for any t £ J Kk (tk), N(t) ~a N(t k ). By Lemma 
13.61 we have 

IN^ff <a,« i + iv(i fe ) 4 |j| 

for all J C J Kk (tk)- By compactness of -FT, after passing to a subsequence if neces- 
sary, we may assume that g{t k )~ l u{t k ) converges in L 2 to an element w. Let W 
be the nonlinear solution with initial data W(0) — w with maximal interval I . By 
the stability Lemma I3~3l we see that 

Mt)=9^ {tk) . y(tk)) HN{t k )-H + t k )]^W in CocC/'.L^ni^CI'.L 2 ^) , 
and that for any /c, 

2(i + 4) 



Z(-«,re) ~A,u 1 



Hence by local theory I' = K. Furthermore VF satisfies the conclusions in Lemma 
13.11 Let G = g(N w .Y) be the rescaling function corresponding to W, and let also 
9k{s) = g(t k y 1 9('tk + N(t k )~ 4 s). Then, applying Lemma [321 with g k , u k , G and 
W, we get that N w {t) ~ 1, and hence, we can assume that V£ £ K, N w (t) = 1, and 
we get the last scenario in Theorem 13. II 

Case II. lim K ^ +oc Osc(n) — +00. We introduce the quantity 

_ inf te i >t < io N(t) + brf t ei,t>t 7V(£) 
« (to) ^ (3.35) 

where to £ I is arbitrary. We consider two cases. 



Subcase 1. inft gja(io) = 0. In this case, there exists a sequence of times 
t k £ I such that a(t k ) — > 0. Besides, by definition, we can find ij^ < t k ,t' k < 
satisfying 

N(t' k ) = sup N(t) 
te[-t k ,t+] 

S> , and M> . ( " 6) 

JV«t) iV(ti) 

as k — > +00. Then, by passing to a subsequence, we may assume that 5(i'fc) _1 u(£fc) — * 
w in L 2 for some w £ L 2 satisfying M(w) = M max , and such that if W is the 
maximal solution to (|1.3[) with initial data W(0) — w as in Lemma 13.11 Let 
= N(ifc) 4 (tj - ifc). Applying (pOTT) to the normalized 

we obtain that 

2(ti + 4) 2(n + 4) 
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We aim to prove that s k is unbounded by contradiction. Suppose that s k remains 
bounded; by passing to a subsequence if necessary, one may assume that s k — > S~ ■ 
Then, since 

2(n+4) 2(ti + 4) 

u k -> W in L^r^{I,L^^), 
we have that, for any compact interval J c]S~,0], 

2(n + 4) 

This yields that W is well-defined on [5 _ ,0], and Uk converges to W in C([S~ — 
e,0],L 2 ) for some e > 0. In particular u k {s k ) — > W(S~) in L 2 . However, 

«*(**) =9{N{t-)/N{t' h )Mt'u){y{tu)-v{t' h ))) (9(tk)~ lu (tk)) > 

and by passing to a subsequence, we may assume that <7(t^ ) _1 u(i£ ) converges in 
L 2 . Then, since N(tl)/N(1/ k ) — > 0, we see that u k (s k ) has to converge weakly to 0. 
But this contradicts M (W(£ - )) = M (W(0)) = M max . Hence is unbounded; 
by passing to a subsequence, we may assume that s k — > — oo. Then, using (|3.31D . 
we see that for any compact time interval J = [5, T] C (— oo, 0], we have 

l|W||z(J) < limsup||w fe || z(J) = limsup||w|| Z ([^ +SW (^)-4 ) ^ +T j V(t / ; )-4 ] ) 

k k 



< (1 + T-S)^+V 

hence, W is defined on (— oo, 0]; by a similar discussion on sjj", W is also well-defined 
on [0, oo). Let G(t) — g{N w (t),Y w (t)) be the rescaling function associated to W on 
I = M. By the way we define N(t' k ) and Lemma |3~T1 

sup^(t) < 1. 
tei 

Now in order to classify W into the double high-to-low cascade, it remain to show 
that 

lim N w {t) = lim N w (t) = 0. 

t — > — oo t — >+oo 

We establish the first limit by contradiction. The second limit follows similarly. We 
suppose first that liminff^-oo Nw(t) > 0, then we may assume that 

N w (t) ~ u 1. 

Feeding this information back to u k and then to u, it contradicts the assumption 
that lim K Osc(n) — oo. Hence the double high-to-low cascade scenario is estab- 
lished. 



Subcase 2. a = inft oE j a (to) > 0. We pick e < a/2, and define 

J- = {t e I : Vs < t, N(s) > eN(t)} 

~ ~ (3 37) 

J+ = {t E I : Vs > t, N(s) > eN(t)}. 

By hypothesis, / = (— T*,T*) = 3~ U J + . By time reversal symmetry, we can 
suppose that J + is not empty. Let to £ J + . We claim that any sufficiently late 
time t > to belongs to . Suppose it were not, then there exists a sequence (tfe)fc 
such that t k €j-,t k > t and t k -> T*. We have that N(t ) > eN(t k ) > e 2 iV(t ), 
and since any time t £ [to,t k ] belongs to J~ or to J + , we have, letting k — » +oo 
that Vt S (to,T*), N(t) ~ £ iV(t ). Then by Lemma [331 we have that T* = +oo, 
which yields that Osc(k) remains bounded. This is a contradiction. 
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Hence we may suppose that [to,T*) C J + for some to € /. In this case, we will 
construct a sequence of times (t k ) k >o recursively, starting from to above, as follows. 

Let B be such that Osc{B) > 2e _1 and define s k = t k + Be- i N(t k )- 4 . By 
definition, N(s k ) > eN(t k ), which yields that J B {s k ) C [t k ,t k + 2Be- 4 N(t k )- 4 ]. 
Then by the definition of B and the fact that the times after t k are in J + , 

sup N{t) > sup N(t) 

t€[t k ,t k +2Be-*N(t k )- 4 ] t£.J B (s k ) 

> Osc(B)ia£{N(t) : t e I n J B {s k )} > 2 £ - 1 eN(t k ) = 2N{t k ). 

Hence we select t k+ i such that 

t k < t k+1 < min (t fc + 2Be- A h{t k )\ T*) , 

2N{t k ) < N(t k+1 ) < u N{t k ), (3.38) 

V<G [t k ,t k +i],N(t) ~„ 2N(t k ). 

By p.38p . we see that 

N(t k ) > 2 k N(t ), < t k+1 - t k < u 2- 4k N(t y 4 . 

Hence t k converges to a limit t^ < T* and for all k, t^ — t k < 2~ Ak . Furthermore 
N(t) -> +oo as t -» too; this yields that t^ = T* and T*-t k < N(t k y 4 . Combining 
this with Lemma [3.51 we get that T* — t k ~ N(t k )~ A . Using again (|3.38[) . we get 
that T* - t ~ N(t)~ A for all fc and all t G [t fc ,t fc+1 ], and hence for any t € [t ,T*). 
Modifying N by a bounded function, we may thus suppose that 

N(t) = (T* -t)-i,Vt£ (t ,T*). 

Finally we consider the normalization u)- tk ' as in Lemma l3~5l at times t k , and apply 
Lemma [3.1l and time translation and reversal symmetry of (| 1 - 3[) as in [25], we obtain 
a self-similar blow-up solution as desired. This complete the proof of Theorem 
1331 □ 



Finally, we remark that the analysis developed in this section, together with 
the information about M max to be obtained in the following sections allow us to 
give a description of the structure of a sequence of solutions of (|1 .3[) with bounded 
Mass. The loss of compactness for this sequence is only due to the invariance of 
the equation (|2.2p . More precisely, we have the following result. 

Theorem 3.2. Let (u k ) k be a sequence of strong solutions of (|1.3[) such that 
sup k M(u k ) < M max . Then there exists a sequence (U a ) a of global strong solu- 
tions of (|1.3p . and a family ({hu,t k ,% k )k)a of pairwise orthogonal scale-cores such 
that, up to a subsequence, 

A 
a=l 

for all k and A, where w k € L? and r k € S for all k and A, 

lim limsup ||e itA2 w^||2 = lim limsup \\r k \\z = 0. 

A^+oo k ^ +OQ " A^+oo k ^ +oc 
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Moreover, for any A, and t, ()3.39p is asymptotically L 2 -orthogonal, i.e., 



A 



lim ||u fe || 2 L2 = ^||^|| 2 L2 + lim (\\w£f L2 + \\r£\\ 2 L2 ). (3.40) 

a—1 



iKii^<£iifHi/" ( 3 - 41 ) 

a=l 

where o(l) — > as k —* +oo. 

This theorem is the analogue in the case of (| 1 . 3[) of the results in Bahouri and 
Gerard [1] about the Energy-critical wave equation, and Keraani [23 about the 
Energy-critical Schrodinger equation. Since the proof of Theorem l3.2l is very similar 
to the proof of Lemma 13.41 we omit it. 



4. Gaining regularity when the linear term is absent 

In this section, we establish general results that allow to gain regularity when 
the linear term in the Duhamel formula (|2.7|) has a negligible contribution. This 
takes the form of results concerning three nonnegative functions, A4, Z, Af of a 
dyadic argument which are essentially non-increasing in the sense that 

M{A)<M{B) 

whenever B < A (and similarly for Z, Af), and which represent frequency-localized 
versions of the mass, scattering norm and control on the nonlinear forcing. Although 
the precise form of these functions, and the way to obtain the hypothesis depend 
on the scenarios, they can hereafter be treated in a similar way. 

More precisely, in this section, we consider three functions, A4, Z, Af satisfying 
the Strichartz estimates 

Z{A)<M{A)+Af{A), (4.1) 

the boundedness estimate 

M(A)+Z(A)+N(A) < u 1, (4.2) 

the localization estimate 

lim M(A)=0, (4.3) 

A^+oo 



together with two estimates that allow us to neglect the effect of the mass in (14. Ill . 
These are a vanishing of the effect of the linear part of the Duhamel formula on the 
scattering norm 

Z(A) < A"* +Af{A/2) (4.4) 
and a condition that expresses the vanishing of the linear part in that the Mass is 
controlled purely by the effect of the nonlinearityQ for all a > 0, 

Af{A) < A-° ^ M{A) < A- a + A~i. (4.5) 



^the various additive constant like A~ 5 in the following estimates correspond to saturations 
in the gain of derivatives and reflects the fact that our nonsmooth nonlinearity does not allow us 
to gain infinitely many derivatives. 
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As their name indicate, (I4.1| - (|4.3j) will be quite straightforward to obtain, while 
(|4.4|) and ()4. 5[) already essentially contain the gain in regularity and are the key 
hypothesis. 

We also note that in the situation we consider, we can add another relation. 
Lemma 4.1. Suppose that M., Z , J\f as above are given by 

M{A) = \\P>au\\ l <*>{i,l*) 

Z{A) = \\P> A u\\ z(I) (4.6) 
N(A) = \\P> A F(u)\\ N{I) 

for some interval Icl and u satisfying one of the three scenarios in Theorem \3.1\ 
Then, for all A sufficiently large, 



(4.7) 



N{A)< u Z(A/8) 1 ^+Z{A/8)[ ]T ( ^ J ^ Z(N) 

\N<A/8 ^ ' 

y N<A v 7 J \N<A/S v 7 

where the summations are taken over all N = 2~ J A for j > 0. 

Proof. To prove (|4.7p . we split u into its high and low frequency components, 

U = Ul + U h = P <A /$U + P> A/8 u. 

We first remark that 

\F(u)-F( Ul )\<\u h \ 1+ i + \u h \\ui\i. 

Consequently, 

M{A) < \\P> A F( Ul )\\ N{I) + |||u h | 1+ *|U(/) + ||«/,|uj|*|U(i). (4-8) 
Besides, by Sobolev's inequality, we remark that 

^ IH-P>^/8"| 1+ "II + 2(n + 4) 

<Z(A/8) 1+ %, 
while using Bernstein inequalities (|2. 12[) . we obtain that 

H^hKI^IUm ~ ^""^H^/lKI*!! 2(r, + 4) 2(^+4) 

L "+s (I,L "+ 6 ) 

n JL 

< A-—\\u h \\ z(I) \\ui\\" 2(Tl+4) a( „ +4) 

L — S — (I,L 3n ) 



(4.9) 



<A-&*Z(A/8)\ NW ^\\ p Nu\\z(i) 

\N<A/8 



(4.10) 



<Z(A/8)\ Yl ( T ) 8< " +4> Z ^ 



JV<A/S 
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To estimate the first term, we treat the different dimensions differently. First, 
suppose that n > 7. In this case, na/(n + 8) > I for a = 2(n + 5)/(n + 4), and we 
let q = 2(n + 4)(n + 8)/(n 2 + An - 20), r = 2n(n + 4)(n + 8)/(n 3 + 6n 2 + An + 64), 
p = n(n+4)(n+8)/(4n 2 + 22n-32), Pl = nq/2, p 2 = n(n+4)(n+8)/(3(n 2 +6n-4)). 
We start with the following estimate which is a consequence of the work in Visan 
[521 Appendix A] , 



< |||V|^«,|| 



(4.11) 



2(ti + 4) ? 

L — 5 — 



and consequently, we get with (|4.11[) that 

II^A^OIUW <A-^||iVAF(u <A/8 )|| 2( 



■. + 4) 2Q + 4) 



L "+8 (/,L ™+e ) 

< A"^+ t r||P> j4 {F'{UI)VUI) || 2(„ + 4) 2(„ + 4) 

i n+8 (I,L n+8 ) 

Now, since (P <J 4/4F'(u;)) (-P^a/s^ 7- ") i s supported in frequency space in the ball 
of radius A/2, we discard it and get 

\\P> A F( Ul )\\ N{I) 

< A-%&\\ (P> A /iF'{Ul)) VUI\\ 2(^+4) 2(^+4) 

L i + 8 (I,L " + « ) 

< A-^lWVl^mWz^WM^P^/AF'iu^W 2(^+4) 

2n+10 



<A -^|||V|— Ul \\ z » 



< 



v AT<A/8 

and this concludes the proof when n > 7. 

In case 3 < n < 6, we proceed similarly except that we take two derivatives and 
use Holder's inequality and Bernstein properties (12.12|) to get 

\\P>aF{ui)\\ n ^ 

< A-~^\\P >A F(U <A/S )\\ 2(„ + 4) 2(„ + 4) 

L ™ + s (IX ™+e ) 

< A- 2 S^\\ {P >A /iF'(Ul)) VUlW 2(„+4) 2(„+4) 

L " + 8 (J,L " + 6 ) 

< ^-^f t T||V U ;|| z(/) ||P >A/4 F'( Ui )|| 2( „ + 4 ) 2(„ + 4) 

< J 4 _ ^+ t r||VM;|| z( n||F"(u / )Vu / || 2^+4) 2 ( „+4) . 

* ' L S (IX B ) 
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Using again Holder's inequality and Bernstein property, we see thal| 



_ 3n+8 



<A ||Vui||i (/) ||u,|| " 2 („ + 4HS-„) 

L n (I,L "C6-") ) 

< A-^||Vu / ||| (J) |||V|(-+^»-Ju / ||^ ) 



(4.12) 



< 



e e m ^> 



Now, if n = 6, since iV/A < 1 in the sum above, we can replace the exponent 
n 2 /((n + 4) (8 — n)) by 1 in the last product and conclude the proof. If 3 < n < 5, 
n 2 1 ((n + 4) (8 — nj) > nj (3(8 — n)) and then we apply Holder's inequality and (|4.2[) 
to obtain 



e © H ^ e ^ 

v AT<A/8 v 7 / \iV<A/8 v 7 



e m 



JV<A/S 



and this concludes the proof in case 3 < n < 5. Finally, when n = 1, 2, we need to 
modify (|4.12[) by taking one more derivative. Since the treatment is very similar 
and we are interested only in the case n > 5, we omit the details. □ 

Lemma 4.2. If M., Z and M are given as in (|4.6|) . and if 

N(tfdt < 1, (4.13) 



then (|4.3[) implies the more general qualitative decay estimate: 

lim M(A) + Z(A) +Af(A) = 0. (4.14) 

A— >+oo 



Proof. Note that conservation of Mass, (|4. 13|) and (|3.31|) imply (14. 2[) . Similarly, 
Strichartz estimates with conservation of Mass for u and (|4.13|) gives that 

IMIs°(j) £ + ll^Wlk(i) < 1. (4.15) 

Using (|4.15|) . Sobolev's inequality and interpolation we get that 

2(A) < |||V|^4P>AM|| 2(„ + 4) 2(„+4) 
Z, » ([J,L " + 2 ) 

< ||1V1^P>^||^| +21 2( „ +2) ||P>A^||^ f T . 2) 

L n {I,L " ) 

< U .M(A)^. 



'when n = 6, we skip the line before last in 1 14.121 . 
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While flU} and (|4~7|) give that 



N{A) < u Z(A/8)^ + Z(A/8) I I E + E I ( T ) 8< " +4> Z{N) 



\N<VA Va<n<aj 



e + e 



E + E 



< u sup Z(N) ( 1 + A~^+f) ) + + A~i. 



AT>\/]4 

Estimate (|4.14[) is therefore a consequence of (|4.3I) . □ 



Our next result is a fundamental step 
certain conditions. 

Lemma 4.3. Suppose that Z and M are 
(HU), CDJ and (Oil , i/ien Z(A) < 



allowing us to break the scaling under 
nonnegative junctions satisfying (|4.1[| - 



Proof. First we claim that the following bound holds true. Let < r\ < 1, a 
2(n + 5)/(n + 4). Then, if A is sufficiently large depending on u and 77, 

Z(A) < 7yZ(A/16) + KA~* 
( 



+ K 



v 



, Af<,4/8 v 7 I \JV<A/8 V 



for some constant K > independent of r\ > 0. Let < j3 < 1. Using (|4.4p then 
(Q|) and (|4~7)l . then pi| . we remark that 

Z(A) 

< A"5 + Af(A/2) 



< A-i + Z(A/16) I Z(A/16)* + I E ( T ) 8< " +4> I + Z{A0) " 



X N<AP 

t+8 



+ 1 E + £ (3) z < w) 

^JV<A/8 v 7 / \JV<A/8 v 7 

<A-i+ryZ(A/16)+ ( E (f)"*'^] +( E (l) 2 ^) 

.AT<A/8 ^ 7 / \Af<A/8 ^ 
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provided that A is chosen sufficiently large. Since the constant in the inequality 
above does not depend on r\, we get (|4.16[) . 

We know that there exists K > 1 and A Q such that (|4~16)) holds for 77 = l/(2 5a K) 
and A > Aq. Iterating (I4.16[) and using (|4.2p . we get that, whenever p satisfies 
2~ 4p A > A Q , there holds that 

Z(A) 

( 

< K 



r,Z(A/16)+A-i+ I (^y +S ^ N n + E 



V 



A J I \ ^ A 

y N<A/8 v ' I W<A/8 



< {K-qf Z{2- 8 A) + K(l + AKri)A-^ 

ra + 8 

K{x + *~Kn)\ \ e i^r^A n + ( E 

. AT<A/8 ^ ' j \ N<A/S 



< {Kf]) p Z(2- ip A) + A-iK^2(4K v y 




N 



3 



*(E(^n e m *w + £ ^ Z(A ° 

^=0 / \ \jV<A/8 V 7 / \JV<A/8 

v W<A/8 ^ 7 / \N<A/8 

where the constant in the last inequality is independent of p. In particular, when 
2~ 4p A € [Aq, 2A ], the first term is bounded by (2A )~r . Hence, there exists 
a constant k such that 

Z{A) 

+ ( E V 1 ( " 7) 

Af<A/8 V 7 / \Af<A/8 

for all A > Aq, Now, fix < 8 < 1 small and let A > Ao be a, dyadic number 
sufficiently large so that Z{\f~A) < 5/2, and kA~* < S, and for j > 0, define 
c-j = 2iZ(2 j A). We claim that 

Vj > 0, < Cj < S, and Cj -> as j -> +00. (4.18) 

Note that this implies that -Z(-B) < £>~^. In order to prove (|4. 18[) . we first remark 
that the claim holds for cq, and, assuming the claims holds for Ck, k < j, we get, 
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using flU} that 

N \^ 



>N<2i~ 2 A 



Z(N) 



< 



n + S 

-CeW) + ( 



£ (2^1) + 5 , 

Va<n<a I (4.19) 



provided that (5 > is chosen sufficiently small so that 3<5«fc n < 1 where k u is 
the (universal) constant in the second inequality, and A sufficiently large so that 
A~% < . Proceeding similarly, we also obtain that 

£ ^a z{n) \ ^ 22 ~^ (4 - 20) 

y N<2J- 2 A J 

provided that A is sufficiently large and S is sufficiently small. Finally, using (|4.17l) , 
P~TT))) and we conclude that 

Cj+i < k2^ (2 j+1 A)~ i + k6^2-% + kS^- 1 



< 8 (A.-* +k6-2 + k5 S j 



hence, if 6 > is chosen sufficiently small, we see that cj + i < S, and that Cj+\ — > 
as j — ► +00. This concludes the proof of Claim (I4.18| . and hence the proof of 
Lemma 14.31 □ 



Finally, we complete this section with a bootstrap argument that proves that 
whenever the scaling is broken in the sense that we have a small nonzero decay in 
Z, the small decay is automatically upgraded to a stronger decay, and ultimately 
gives us the gain of two derivatives we are looking for. 

Lemma 4.4. Suppose hypothesis (|4.ip . f)4.4|) . (|4.5p and (|4.6|) hold and that Z 
satisfies Z(A) < A~ a ° for some Co > an d a ^ dyadic A sufficiently large. Then 
there holds that 

M(A) < A~i +A- a . (4.21) 
In particular, M(A) < A~ 2 ~^± . 



Proof. This is a consequence of the following claim: suppose that Z(A) < A a for 
some a > 0, then 

Z(A) +N{A) +M(A) < A-^ a + A- a -^h + A~ a + A~* + A~^. 
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We first prove the claim. Using (|4.7|) . we get that 

Af(A) < A~^ a + A- a -^ J ^ iV^W m i n (i ) N- a ) 

\N<A 

Tl+8 

+ A- a I mm(l,N- a ) I + A~i I ^ min(iV', iV 1 

yA<A J \n<a 

< A-^ a + A- a -^ + A- a + A' 1 ? +A~i. 

Then, using (|4.5j) and the inequality above, we get that 

M(A) < A-^ a + A-°-^ + A-°- + A"* + A~i 

and finally, combining the two estimates above with (|4.1[) , we get that 

Z{A) < A-^ a + A-°-^ + A- a + A~^ + A~i 

which concludes the proof of the claim. Iterating the claim a finite number of times, 
starting with a = ctq > 0, we finish the proof of Lemma l4~4l □ 



Combining Lemma 14.31 and 14.41 we get the following result of gaining 2 deriva- 
tives. 

Corollary 4.1. Assuming l|4.i p -(|4T6] ) . we get that M{A) < A~ 2 ~^. 



5. Proof of Theorem 11.11 



In this section, we prove Theorem 11.11 after excluding all the possible scenarios 
in Theorem 13. 1[ thanks to the analysis developed in Section 2] above. 



5.1. The case of the Self-Similar solution. We start by excluding the case 
of a Self-Similar solution. In this favorable situation, we are able to work in full 
generality (i.e. in all dimensions, in the focusing and defocusing case). 

Proposition 5.1 (No Blow-up in finite time). Let n > 1. Suppose that there exists 
a solution of (|1.3[) . u £ S°(I) such that I = (0, +00), N(t) = t~* and (|3.1|) holds 
true, then M(u) > M(Q), and A < 0. In particular, there can be no Self-similar 
solution in the defocusing case. 



Note in particular that we do not need u to be radial. The proof will be the 
result of Lemmas 15.11 and 15.21 below and Corollary 14.11 Our approach is similar 
to the one in Killip, Tao and Visan [25] and Killip, Visan and Zhang [29]. We 
first need to introduce some more definitions. For u satisfying the hypothesis of 
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Proposition 15. 1[ F(z) = \\z\*z, v as in (|3.1|) and A a dyadic number, we let 
M(A) = sup ||P> A «(T)|| L2 - sup ||P > i u(T)\\ L 2 

T>0 T>0 - 1 

Z ( A ) = ™P \\P^ AT -LU\\ Z ([ T ,2T]) (5.1) 

JV(A) = Sup ||P > , P(U)|U([T,2T]). 
T>0 - J 

From compactness of K in (|3.ip . we get that 

lim M{A) = lim sup||P A _iu(T)\\ L 2 < lim sup ||P> A u|| L 2 = 0. (5.2) 

A^+oo A^+oo rp >AT 4 A^+oo 

Hence (|4~3|) holds. Strichartz estimates ([2T6]) give (gTTJ. By hypothesis, (|47T3]> holds 
and we can use Lemma [4.21 to get (|4.14j) . (|4.2|) and even, more generally that for 
all T > 0, 

IMIs°([T,2T]) < u 1- (5-3) 

Furthermore, the estimate (|4.7p is a consequence of Lemma [4.11 with the choice of 
Z and TV in ([5~Tjl . 

Now, we turn to the fundamental estimate of this subsection which gives us (|4.4[) . 
Lemma 5.1. Under the conditions above, 

Z(A) < u A-^+M(A/2) 
for all dyadic A, i.e. (I4.4[) holds true. 



Proof. Fix T > and let I = [T,2T]. Writing the Duhamel's formula dUTJ) with 
initial data at T/2 and using Strichartz estimates (|2.6p . we get that 

W p > AT -l u \\z(i) 

z \\ p > AT -\- l{t - T ^ 2 <\)Ui) + \\p> AT -im\\ m z 2T]y (5 ' 4) 

We estimate the second term by Af(A/2). We now turn to the linear term. Using 
conservation of Mass, Strichartz (|2.6[) and Bernstein estimates (I2.12[) . we get that 

\\P^ BT -ie^^\{^)\\ L ^ {iL ^ ) < M („) (BT-iy^" . (5.5) 



Independently, using the Duhamel's formula (12. 7|) with initial data at time t = e, 
we get that 

T 

p ie i (t -i-)^ u( Z) = e »(t-e)A 2 p lU (e)+i [ 2 P le^-^FUisms. 

BT~ I v 2 ST 4 w ST~4 v w/ 

We claim that for all q > 2, there holds that 

lim||e i (*- £ ) A2 P BT _ 4U ( £ )|U 3([ o,T]xM») = 0. (5.6) 
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Indeed, using the unitarity of the linear propagator and the properties of u as in 
()3.ip . we get that 

||e^ A2 P BT _ lU (e)|| L ^ ([0 , T] , i2) = \\P BT _ k u(e)\\ L , 

< SUp IIP , , _ l Ull r2 — ► 0, 

as e — > 0. Then the Holder's inequality in time gives (|5.6p for q — 2, while Bernstein 
inequality (|2.12j) gives (|5.6| for q = oo. The general case follows by interpolation. 
This proves (|5.6[) . Now to estimate the other term, we need to separate cases. We 
first treat the case n > 5. Using (|2.5|) and (|5.6|) we get that for all B, T, 



||P je^-^y^H 2(71 + 4) 2(n+p_ 

BT I 2 L n.-4 ([T,2T],i — 4 ) 

„2 

= lim II / e i(.t-')^'p _lP( U ( S ))ds|| 2(2+4) 2(„ + 4) 

< 7-3^ lim II / 2 e *(ts)A 2 p F(u(s))ds\\ 2 ( „+4) 

T 

sup f 2 L_|| F ( U ( S ))|| ^ 

te[T,2T]J0 |i — s|"+ 4 i 11+12 

W)|| 2(„ + 4) 

L!([0,T],L ) 



3" + 4 


21, 


. + 4) 


3» 


i + 4 


2(. 


, + 4) 


3» 


i + 4 


2(, 


. + 4) 



(5.7) 



" + 8 

^ + 8 2(n + 4)(n + 8) 

in ([t,2t],£ "("+12) ) 



E IM 

t<T/2 

E T " + 4 H W II ?n+4)(n+8) 2(n + 4)(" + 8) 

\ T<T £ & ([r,2r],L "("+") ), 



< u t T — = y-2 



r<T 

where the summation is over all r = 2~ J T, j > 0, and we have used (|5.3|) to bound 
u on [r, 2r]. Combining (|5.5p and (|5.7|l with Holder's inequality, we get 

T 7 n T 7 2(ti + 2) 

<||P BT -|e^-*) A2 u(i)||^ ||P BT _ ie ^-*) A2 u (i)||^t 

M1 £ t~(/xl») aJ 2 L n (7xR") 

and consequently, summing on all B = 2 3 A, j > 0, 

B>A 
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which proves that the first term on the right hand side of (|5.4j) is also acceptable 
when n > 5. When n < 4, we proceed as follows. Using (|2.4|) and (|5.6|) we get that 

\\P BT -ie* t -^ A \(^)\\ L ~ {[TaTW 

T 

= Ua\\J' e l(t - s)A2 J P BT -i^(w( S ))d S ||^ ([T , 2T]xR „ ) 

T 

< (BT-i)~ n sup T -—^Hir^Jll^da 
< J B-"T-t||u||'tL 

L~5"([0,T]xl") 

<B-«T-« ( ^\\u\\% +8) 

\r<T/2 L"(8-")([r,2r],L— )^ 

where, once again, the summation is over r = 2~ J T, and we have used (|5.3p to 
bound m on [r, 2r]. Combining (|5.5p and (|5.8|l with Holder's inequality, we get 

ll^r-i« <( *-* )A "«(|)llw 
and consequently, 

l|i% Ar -ie i{t -' )Aa «(|)IU(/)< E ll^-i« <( *-* )A "«(|)IU(D ^ A ~^ 

B>A 

which proves that the first term in the right hand side of (|5.4p is also acceptable 
when n < 4. □ 



Now, we prove the last estimate we need. 
Lemma 5.2. There holds that 



M(A) < ^Af(2 k A). 



fe=0 



In particular, (|4.5p holds true. 



Proof. Fix T > and i € [T, 2T]. Using the Duhamel's formula (JH7J) with initial 
data at time 5 > 0, we get that 

P %u(t)-P ie lit - S)A2 u(S) + i [ e K*-*)*?p ,F(«(s))da, 



>AT~4 v 7 >AT 4 Js >AT~4 

and using the fact that iV(t) = t~i, we get that 

IIP iu(S)\\ L 2 = \\P , iu(5)||i2 ->■ 0, as 5^ +oo, 
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where v is as in (|3.1|) . Consequently, we obtain that 



!^ T -i"WII^<ll^ >AT -4-(2 4i+4 T)IU 2 



? 4L+4r 



k=0 " , 2 4fcT 

i — n « ^ J 



where o(l) — ► as L —> +00. Letting L +00 in the estimate above then gives 
the result. □ 



Using the above results, we can now exclude the self-similar blow-up scenario. 

Proof of Proposition I5.il Let u be a solution of ClU), u £ S? oc (J) on an interval 
I = (0, +00), such that (|3.1| holds true with iV(t) = t~i. In particular, it blows up 
in finite time. With the preliminary remarks and Lemmas 15.11 and 15.21 we deduce 
that (|4.ip ~ (|4.7p holds true, and consequently Corollary 14.11 gives that u £ H 2 , and 
hence has a conserved energy. In the defocusing case, this gives a global bound on 
the ff 2 -norm, which by Proposition 12. II contradicts blow-up in finite time. In the 
focusing case, conservation of Energy and the sharp Gagliardo-Nirenberg inequality 
(|2~TU|1 give that, if M{u) < M(Q) 

E(u ) = E{u{t)) >\(l~ IIAuWHi, > 0. 

In particular, if M(u) < M(Q), u remains bounded in H 2 and does not blow up in 
finite time. □ 



5.2. The case of Global solutions. Here we deal with the second and third 
scenarios of Theorem 13.11 Our first result proves that the solution is actually 
smoother than expected. 

Proposition 5.2. Let n > 5, and let u be a solution of (jl.3[) satisfying (|3.1[) with 
N < 1. Then u(0) £ H 2+ ^ . 



The proof of Proposition 15. 21 is a consequence Section [J] and of Lemmas 15.31 and 
which uses the "Double Duhamel formula" introduced in Tao [J7] which has 
proved to be helpful in many situations, see e.g., Killip and Visan [26l[28], Pausader 
[33] and Tao [35) . We also refer to the survey by Killip and Visan [57] . 



Lemma 5.3. Let u be a solution of (|1.3[) such that I = R, h(t) > 1 and (j3.ip 
holds true, then for all (el, there holds that 

u(t) = -i I e H*->)* F(u(s))ds 

(5.9) 

e^-*^ 2 F{u{s))ds 
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where the integral are interpreted as a weakly convergent integral in L 2 , and 

rt r+oo 

\\P> A u{t)f L2 = - / / (e^'-^ P> A F{u{s)),P> A F{u{t')))dsdt' (5.10) 

J S — — OQ J t' —t 

where the integral is unconditionally convergent. 



Proof. Indeed, using the Duhamel's formula with initial data at time T gives 
u{t) = e l ^- T ^ 2 u{T) + i f e l{t - s)A2 F(u(s))ds, 



and the first term weakly converges to in L 2 . Indeed from (|2.5p , we see that if 
/ij/2 are smooth compactly supported functions (in particular, /i,/2 € L 1 ), then 



e isA 7i,/2 



< 



Weak convergence follows by density. This gives (|5.9|) . To get (|5 . 10[) , we also remark 
that, still by (|2.5[) . for /i,/2 smooth functions compactly supported in frequency, 
there holds that 

(e^* " S)A P>A9(N(s),y{s))fl,P>A9(N(t'),y(t'))f2 

<fuh N(t')- 9 N(s)-%\t'-s\-% 

(5.11) 



< 



/l,/2 



1 



1 



and 



,N(t')\t'\iJ \N(s)\s\iJ \W-s\ 
= if N(s) < fuA 1 or if N(t') < htA 1, 

where the last line follows from the fact that the Fourier support of g(N(s).y(s))fi 
and g(N(t').y(t')f2 is included in B(0, A/2) if N(s) or N(t') is too small. From (|5 . 1 1(1 . 
we get that 



(e^* S)A P>A9{N{s),y(s))h,P>A9{N{t'),y{t'))h 







(5.12) 



as t' — s — > 00 with s < t < t' . By compactness of K, we can replace g(N(s).y(s))fi 
by u(s) and g(N(t),y(t))f2 by u(t') in (|5.12[) . Using this, we get that 

{e Kt'- S )Ai p ^ AF{u{s y^ p ^ AF{u{t , )))dsdt , 



s=S Jt'=t 
t 



e l{t - s)A ' 2 P> A F(u(s))ds, I 

s=S Jt'=t 



e „ v „ „ p> A F( u (t'))dt' 



= -{(P> A u{t) - e^-^ A P>Au(S)) , (p> A u(t) - e^- T ^P> A u(T))) 
= -\\P> A u{t)\\ 2 L2 + (e^-^ A P> A u(S),P> A u(t)) + (P> A u(t),e^- T ^ A P> A u(T)) 
+ (e^ T - s ^ A P> A u(S),P> A u(T)), 
and letting (T, S) — » (+00, —00), and using (|5.12[) we obtain the result. □ 



Let t be a chosen time, and choose R > a time scale (ultimately, we will choose 
R = 1), then we divide 

It = {{s, t') : -00 < s < t < t! < +00} = Q_i U Q>a 
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where 

Q_i = {(s,t') : t — R < s < t < t' < t + R} 

correspond to the times close to t, and we make a Whitney decomposition of the 
times far away from t as follows: 

Q>0 = ^k>0Ae{l,2,3}Qk 

with Q\ the cubes of length Ik = 2 k R, situated at distance greater or equal to -^h 
of the diagonal {(s, s), s E M} and such that 

Q-i U uf =0 , ie{lj2 , 3} Q l fe = {(s, t'):t- 2 K+1 R <s<t<t'<t + 2 K+1 R}. 

More precisely Q\ is centered at (t - 2 k - 1 3R, t + 2 k - 1 R) 1 Q\ at (t - 2 fe - 1 3i?, t + 
2 k - 1 3R) and Q\ at (t ~ 2 k ~ 1 R, t + 2 k ~ 1 3R). 

Our next lemma shows that the contribution of large times (i.e. Q>q, with 
R = 1) for large frequencies is small in dimensions n > 5. 



< 



Lemma 5.4. Lei u satisfy the hypothesis of Proposition then there holds that 
(e^'-^ A2 P> A F(u(s)),P> A F(u(t')))dsdt' 



R—A- n if 5 < n < 8 
R- 2 A- S ifn > 8 

(5.13) 



Proof. We first prove the results in dimensions 5 < n < 8. In this case, we remark 
that for any interval I, there holds that 

\\F(u)\\ LHI , L1) < u (5.14) 

Indeed, to get (|5.14[) . it suffices to prove that 

\\F(u)\\ L i {l!Ll) < u 1 

whenever |/| < 1. but in this case, we have that 

\\nu)\\Li (I , L i)<\i\°\\nu)\\ L ^ (IL1) 
<jJi f NiiLj) „ + s 

L (8-n)n (J,L « ) 

<m f NiS) 
<« i 

where in the last line, we have use (|3.3ip and its consequence. Then, using (|2.4[) . 
we get that, if \t' — s\ ~ Zfc = i?2 fe , letting Qfe = Ife x and using (|5.14[) , we get 
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that 



< l k 2 A~ n 



l ^'- s ^ P> A F(u(s)), P> A F(u(t')))dsdt' 
\\F(u(s))\\ L qF(u(t'))\\ Ll 



^l^A-^F^W^j^WF^W^j^ 
< u l-%A- n (\I k \)(\J k \) 

and since for each k > 0, there are exactly three such intervals, summing over A;, 
we get (|5.13p . Now we turn to the case n > 8. In this case, the nonlinear term is 
in a Lebesgues space L p for p' — 2n/ (n + 8) > 1. Using (|2.4p and conservation of 
Mass, we get that 

(e*- s ) A2 P> A F( U ( S )),P> AJ F( U (t))) 

<\\e^ A2 P> A F(u(t))\\ LP \\P> A F(u(s))\\ LP , 
<\t- S \- 4 A-^P> A F(u(s))\\ LP ,\\P> A F(u(t))\\ Lp/ 
<M(u) \t- S \- 4 A~ s . 



Integrating over Q l k , this gives 



(e^'-^ A2 p> A F(u( S )),P> A F(u(t')))dsdt' 



<u If A- 



and summing over all k, we get (|5 . 13|) when n > 8. This ends the proof of Lemma 
El □ 



Lemmas 15.31 and 15.41 give with Strichartz estimates that 

ll^>A«(t)||i a <u A- 5 + \\P> A F(u)\\ N{[t „ R , t]} \\P> A F(u)\\ N{%t+R]} . 

To prove Proposition [521 we introduce some more notations 

M(A) = ||P>au|Uoc (R)L2) 

Z(A) = sup \\P> A u\\ Z (i) 
i 

N{A)=suy\\P> A F{u)\\ N[I) 
i 

where the supremum are taken on all intervals / of length |/| < R. 



(5.15) 



(5.16) 



Proof of Proposition \5."A We set R = 1 . With this choice of M. , Z and Af in (|5. 16|) , 
(|4.1[) follows from Strichartz estimates, and (|4.2|) follows from conservation of Mass, 
N < 1, (|3.3ip and Sobolev's inequality. By the hypothesis on N, we get (|4.13l) from 
(|3.31[) and also that (|4.3[) is satisfied. Independently, (|4.4|) and (|4.5p follow from 
(|5 . 1 5[) and (|4.ip , while (|4.7p is a consequence of Lemma 14.11 with the choice of Z 
and TV in (|5.16p . Applying Corollary [4~T| we then get that M(A) < A~ 2 ~^, 
and summing over all frequencies, this gives that u(0) € H 2+: ^+ s . This ends the 
proof. □ 
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This regularity result, combined with conservation of Energy and Mass allow to 
disprove the second scenario (i.e. a strong solution u which remains compact up to 
rescaling cannot change scale). This is done in the following proposition. 

Proposition 5.3. Let n > 1 and u £ C(R, i? 2+ "+ 5 ) be a solution of (|1.3[) such 
that (|3.1[) holds true with N < 1 and m / 0. Suppose there exists a sequence of 
times tk such that N(t k ) — » 0. Then M{u) > M(Q) and A < 0. In particular, a 
high-to-low cascade scenario is not possible when n > 5, in the defocusing case or 
in the focusing case when M max < M(Q). 

Proof. For k > 0, we split u(t k ) into its high and low frequency components 

u(t k ) = P< L u(t k ) + P >L u(t k ) = Ul{t k ) + u h {t k ). 
By the hypothesis on N, we get that 

lim \\P >L u(t k )\\ L 2 < lim sup \\P >LN(tk) -iv\\ L 2 = 0. 

k — >+oo k — >+oo v (zK 

As a consequence, using Bernstein estimates (|2.12p . conservation of Mass and in- 
terpolation, we get that 

l|Au(t fe )IU 2 < \\A Ul (t k )\\ L 2 + \\Au h (t k )\\ L 2 

< L 2 M(u) + |Mik)||^K(t fc )||^ <m(u) L 2 + o(l), 

where o(l) — > as k — > +oo. Letting k — > +oo followed by L — > 0, we get 
that ||Au(tfc)||i2 — > 0. Using conservation of Mass and the Gagliardo-Nirenberg 
inequality (|2.10j) . this gives that E(u(t k )) — * as fc — * +oo, and by conservation of 
Energy, we conclude that E(u) = 0. In the defocusing case, this is not possible if 
O^ue H 2 . In the focusing case, using the sharp Gagliardo-Nirenberg inequality 
(|2.10p again, we conclude that M(u) > M(Q). The last statement follows since 
Proposition 15 . 21 gives us the regularity required. □ 

To disprove the Soliton case, we use a Virial/Morawetz type of estimate. For e\ 
a unit vector in R n we define the orthogonal Virial action along e\ by 

An(t) = 2Im/ a(^-)zidiu(t,x)u(t,x)dx (5.17) 

where R > will be chosen later on, a e C°°(]R) is even and satisfies a(x) — 1 for 
\x\ < 1, a(x) = for |z| > 2 and a'(x) < for x > 0, z = x — y(i) is the space 
variable in the frame moving with u, and z\ is its coordinate in the direction of e±. 
By (j3.2p . we have that y(t) is a smooth function and \y\ < u 1. A trivial estimate 
gives that 

|A«(t)| < iiHull^ <„ (5.18) 

uniformly in t, R. 

Proposition 5.4. Let n > 1 cmrf u € C(R, H 2+ "^ ) 6e a solution of (|1.3[) swc/i 
f/iaf (|3.ip /ioZgJs <rae wit/i iV = 1 . 27ien 

a t A K = 2v 1 ei.Jlfom(«)-16 / f ^Y" 1 + A , „ )dx + o u (l) (5.19) 

Jr" V 2 2(n + 4) J 
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where o u (l) — > as R — > +00 uniformly in t. In particular, in the defocusing case 
A = 1, if n > 5, the Soliton-like scenario is not possible. 



Proof. A similar proof appears in Pausader [39]. Since u(0) € H 2 , u has a conserved 
momentum as in (|2.8j) . Using that u is bounded in H 2 , integration by parts yields 
that 



dtAfi = — yi2Im / (a'-frdiuu + ad\uu] dx 
JR™ v R / 



41m / az\d\UUtdx — 21m / auu t dx — 21m / a' —uutdx 
Je» Jr.™ ir R 

■■ 2y\e\ ■ Mom(ti) — 2ylm f (d^-d\uu + (a — l)diuti) dx + 0«(-jr) 
J Rn V R J R 

16/ la + a'-±) 1 — 1 +— -r\u\-^—)dx 

J Rn \ RJ V 2 2(n + 4)' y 

. 2 faei . M„ m( »> - 16 £ (MS + ^M^) ^ 0.(1, 



— 2ylm / ( a'— i<9i im + (a — l)c?imi ) 

„ f f ,Zl \ fldlVul 2 A 1 2(n+4) \ 

-16/ [a + a'-^-l M n ' +— - up - di. 

(5.20) 

Independently, by (|3.1[) . we see that 

e(R) = sup / |t>(a;)| 2 dx = sup / \u(t, x)\ 2 dx — > as R — > +00. 

Consequently, using Sobolev's inequality and interpolation, we see that the last two 
lines in (|5.20[) above can be bounded by 



2ti + 10 



(1 + \y\)\\ (1 - a + lo'^IHI^ < ||(1 - a + \a'%\)u\\ ||(1 - + |a'-|)u|| 

< u e(i?)™ -> 

as i? — > +00. This gives (|5.19p . When rt > 2, we can choose a vector ei which is 
orthogonal to Mom(tt). In this case the first term in the right hand side of (|5.19|) 
vanishes. Now, suppose we are in the defocusing case A = 1, and u is a Soliton-like 
solution as in Theorem 13. II Proposition 15. 21 gives us the required regularity. Then, 
choosing R sufficiently large so that |o u (i?)| < 8 for some S > to be chosen below, 
and integrating, we get using (|3.31|) that 

\A R (t) - A R (0)\ > f f-i- / \u(s,x)\^dx-6]ds 

Jo V n + 4 JR" / 



> 



t 

4 



h(s)~ 4 ds - CSt = (1 - CS)t 







for some constant C depending only on u and n. Choosing 5 > sufficiently small 
so that CS < 1 and then t sufficiently large, we contradict (|5.18[) . Thus a soliton-like 
solution is not possible. □ 
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Finally using the material developed above, we can finish the proof of Theorem 



Proof of Theorem Using Proposition 12. li we see that it suffices to prove that 
M max = +00. Suppose it is not so. Then, applying Theorem 13. 1| we get that one 
of the 3 possible scenario in Theorem 13 . 1 1 holds . However, Propositions 15. f | 15.31 and 
5.41 prove that this is not possible. Hence 



M max = +00 

and Theorem 11.11 is proved. □ 

6. The Focusing case 

In this section, we study the focusing variant of (|1.3[) . that is, the case A = — 1. 

6.1. the Momentum and the translation parameter. We first start with a 
proposition relating the translation function y, the Momentum and the Energy of 
a Soliton-like solution in the general case. 

2T1 + 11 

Proposition 6.1. Let n > 1 and u 6 C(M.,H ™+ 5 ) be a solution of JT73J) such 
that (|3.1|) holds true with N(t) — 1 and y(0) = 0. Then, for all e > 0, there exists 
a C £jU such that 

\y(t) ■ Mom{u) ~ 8E(u)t\ < C E<U + et (6.1) 
for all t > 0. In particular, y(t) ■ Mom(u) ~ t if M(u) < M(Q). 

Proof. Choose an orthonormal basis (ei, . . . , e„) of R", and consider all the Virial 
actions corresponding to these vectors, and sum the corresponding contributions to 
dSHH> to get 

d t A R = 2y ■ Mom( U ) - 16 / + A , - A M ^) dx + o»(l). 

J Rn \ 2 2(n + 4) ) 

Integrating from to t and using (|5. 18|) . we get (|6.ip . □ 

From this we deduce that the equivalent of Theorem ll.ll also holds in the focusing 
case provided that the initial data is radially symmetrical and that the Mass of u 
is below that of the Ground State, M(u) < M(Q). 

Proof of Theorem ] 1 . £1 Indeed, in the radially symmetrical case, we get that failure 
of Theorem 11.21 would imply that M™£x < M(Q)i an d hence the existence of a 
solution u G Si oc (I) satisfying one of the three scenarios in Theorem 13.11 which is 
radially symmetrical. Proposition 15. II shows that a self-similar blow-up is impossi- 
ble. Proposition 15.31 shows that a cascade scenario is impossible, and Propositions 
15.21 andl 6.1l shows that in the last scenario, there holds that Mom(u) 7^ 0. But this 
contradicts the fact that u is radially symmetrical. Hence none of the scenario in 
Theorem 13. II is possible and Theorem 11.21 holds true. □ 
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6.2. Motion of Mass. In this subsection we study how the local Mass is dispersed 
by the solution, in the frame moving with the center of Mass to get the equality 
(|6.2p involving various quantities related to u. More precisely, we prove the following 
proposition 

2T1+11 

Proposition 6.2. Let n> I and u £ C(K, H ™+ 5 ) be a solution of (|1.3[) such that 
(|3.ip holds true with N(t) = 1 and E(u) > 0. Then, for all e > 0, and all intervals 
I sufficiently large depending on e, there holds that 



2M(u)E(u) + Mom(u) ■ Im J J VuAudx^J = 0(e). (6.2) 
In particular u has nonzero Momentum and average Mass current. 



The fact that u has nonzero Momentum and Mass current tells us that u is 
somewhat different from the Ground State and is used in the proof of Theorem ll.3l 
below. 

Remark 6.1. The same conclusion follows formally from considering the interac- 
tion Virial estimate 

Vi(t) = // (x - y)Im(u(t,x)Vu(t,x))\u(t,y)\ 2 dxdy, 

instead of the local Mass (|6.3[) below. This interaction Virial estimate is related to 
the interaction Morawetz estimate used in the defocusing, Energy- critical case by 
Colliander, Keel, Staffilanni, Takaoka and Tao [5], Ryckman and Visan |40] and 
Visan |52j . 



Proof. Without loss of generality, we can assume that / = [0, T] and that the 
Momentum vector Mom(u) is nonzero and parallel to the first vector e\. We note 
Mom(n) = m(u)ei where m(u) > is a positive quantity. We define the local 
moment of Mass as follows: for a as in (|5.17[) and R > 0, 

M R {t)= f a(^) Zl \u{t,x)\ 2 dx, (6.3) 

JR" R 

where z — x — y(t). 

This quantity allows us to understand how the Mass is (not) dispersed in a frame 
moving with the solution. We first remark that this local quantity is bounded. 
Indeed, by Holder's inequality, 



\M R {t)\<RM(u). 



(6.4) 
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uniformly in R and t. On the other hand, we can estimate the rate of change of 
Mr by the following formula 

9{Mr = z\M[u) + z\ I (a'-jr — (1 — a))\u\ 2 dx — 21m / az\uA 2 udx 

= —y\M{u) — 41m / d\uAudx 

ilm / (2a'" % + 6a") udiudz (6.5) 



i? 2 ./*« v 

+ 



((1 - a) - a'^|) (-ii|u| 2 + ilmdiuAu) dx 
= -yiM (u) - Aim / d^Audx + e(R), 



where e(R) — ► as i? — * +oo, uniformly in i by (|3.1[) and the fact that u(t) is 
bounded in H 2+ ™+ 5 . After normalizing y(Q) = 0, we integrate this between and 
T to obtain 



M fl (0) - Mfl(T) = M(u)y x (T) + 41m 



/ / diuAudx + 0(Te(R)). (6.6) 
Jo ii™ 



Let e > 0. By Proposition EU there exists C e > such that 

|yi(i)m(u) - 8E(u)t\ < C e + et. 

Plugging this in (|6.6p . choosing i? > sufficiently large so that s(R) < e, and 
dividing by T, we get 

M(u)E(u) 



m(u) 



4Imi / / dxuAudx = 0(e) + - (0(i?) + C e ) . 

J JO JR™ J 

Taking T large enough, we can rewrite it as (|6.2p . This concludes our proof. 

□ 



6.3. An Inequality "A la Banica". In this subsection, we conclude the proof 
of Theorem 11.31 A big drawback of (|1.3[) as compared to the usual Schrodinger 
equation is that the lack of Galilean invariance prevents us from normalizing our 
solution u to have Momentum 0, or to have mean position in the frequency space 
at the origin. As a consequence, we need to optimize the inequalities we rely on 
with respect to the position in frequency space. In this part, we precise the Sharp 
Gagliardo-Nirenberg inequality using an idea related to the work in Banica [2], and 
use it to reach a contradiction if E(u) > 0. 

For u a complex function and <f> a real smooth function, we compute 

lAK^e 1 ^')! 2 = |Au| 2 - 2| V0| 2 Re(uAu) + M 2 (|V0| 4 + |A0| 2 ) 
+ 4|Vu ■ V0| 2 + 2A0V0VM 2 

+ 4Im(AuVu • V<j>) + 2A0 • Im(Auu) - 4| V(/>| 2 V(/> • Im (uVu) . 
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Integrating, we get 

/ \A(e^u)\ 2 =[ \Au\ 2 + f M 2 (|V^| 4 - |A0| 2 - 2VA</> • V0 - 2A|V</>| 2 ) 
+ 2 |V0| 2 |Vu| 2 +4 / |Vu- V<?i| 2 +4Im / (AuWu ■ V</>) 

JR™ JR™ JR™ 

-21m / VA0 • Vuu — 4 / |V0| 2 V0 ■ Im (uVu) 

Jr™ Jr" 

for all it and 0. and letting <fr = Xx\ 1 this gives 
P U {X) = 2£(e**u) 

= 2£(ti) - 4 flm y (Aud^dx) X ^ ^ 

+ (2/ \Wu\ 2 dx + 4: \diu\ 2 dx) X 2 -4m(u)X 3 + M(u)X 4 . 
Applying the sharp Gagliardo-Nirenberg to e^u gives that 
P u = 2E{e^u) > (1 - At) y |A(e^u)| 2 da; 



> (1 - At)(P„ - 2£(u) + J \Au\ 2 dx), 
with ac = (M(u)/M(Q))n , Consequently, we get that 

(6.8) 



kP u >(1-k)(J \Au\ 2 dx - 2E(u) 
Now, we can finish the proof of Theorem 11.31 



Proof of Theorem \l.S\ Indeed, if M max < M(Q), and hence the existence of a so- 
lution u G Si oc (I) satisfying one of the three scenarios in Theorem [3TTJ Proposition 
15.11 shows that a self-similar blow-up is impossible. Proposition 15.31 shows that a 
cascade scenario is impossible. Hence, we only need to exclude a Soliton. Propo- 
sition 15.21 and the sharp Gagliardo-Nirenberg inequality gives that in this case, 
u G C(R, H^T?r) and E{u) > 0. 

Let Ik be a sequence of intervals such that (|6.2p holds with e = 1/fc, and consider 
the sequence of polynomials obtained by averaging (|6.7[) over Ik- More precisely, 
we consider 

P k =2E(u) - 4 ( 7^7 Im / / (Audiu)dxdt) X 
\\h\ Ji k JR^ J 

+ 6 W\i.L I (^l Vu l 2 + ^ 9iU l 2 ) da; *) x2 ~ 4m ( M ) x3 + M ( w ) x4 - 

All the coefficients of Pf. are uniformly bounded, and, by (|6.8|) . the Pk are nonncg- 
ative polynomials. Without loss of generality, we can assume that the Pk converge 
pointwise to a polynomial 

P* = 2E(u) - AC{u)X + 6G(u)X 2 - 4m(u)I 3 + M(u)X 4 , 
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where 

C(u) = lim — — - / / Im(Au(t, x)d\u{t 1 x))dxdt, 

fc-^ + oo \l k \ Jj k J Mn 

G{u) = lim / f (\\Vu\ 2 + l\d lU \ 2 ) dxdt 
fe^+oo |i fc | J Ik J R „ \6 6 J 

and C(u)m(u) = 2E(u)M(u) by (|6.2p . Now, we remark that 

2E(u) \\M(u)J J \^/2E{u)M{u 

G(u) 



(6.9) 



< 6 



y/2E(u)M(u) 



for a — m(u)/ (2E(u)M(u) 3 ) * . Consequently, we get, after averaging (|6 . 8[) over Ik 
and letting k — > +oo and using (|6.9|) that 

/ G(u) \ 1 - « ( D(u) \ 



^j2E(u)M(u) I « \2E(u) 



where 



D(u)= lim — r / / |Au(t,a;)| 2 dxdt. 

|4| 7/, V 

Letting A > 1 be such that D(u) = K 2 2E(u) and remarking that, by Holder's 
inequality G(u) < \f M(u)D(u), we get with (|6.10|) that 



which implies that 



6(A-1)>^(A 2 -1), 

K 



1-K 6 

< TTT < 3 ' 



K ~ A + 1 

and finally that 4k > 1. This proves that 

M{u) = M max > \m{Q) 
4- 

and Theorem 11.31 holds true. □ 
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